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THE AUTHOR. 



Gerhardt : " So it is Leibnitz Oerhardt : ** So ist es Leibnitz — 

" to whom we owe this. The Chapter " dem wir dies verdanken. Das 

*' in which the question respecting the " Capitel, in welchem die Frage Qber 

*' first discoverer of the higher Analysis ** den ersten Entdecker der hoheren Ana- 

" has till now been agitated, now disap- " lysis bisher erortert wurde, verschwindet 

" pears from the history of the mathe- " fortan aus der Oeschichte der mathema- 

" matical sciences. The battle of more '* tischen Wissenschaften. Der mehr als 

** then one hundred yearsi about the first " hundert jahrige Streit iiber den ersten 

" discoverer of the Difierential Calculus, ** Entdecker der Differenzialrechnung ist 

" is now at its end.** Oerhardt II. page 62. " zu Ende." Oerh, Abh. IL &. 62. 

Edleston : S]moptical view of Newton's life : 

1666 Octob. Small tract on fluxions and fluents with their applications to a 
variety of problems on tangents, curvatures, areas, lengths, and centres of gravity 
of curves. 

1666 November. Small tract similar to the preceding but apparently more 
comprehensive. (Notation by points in first and second fluxions, Basis of his 
larger tract of 1671.) Edleston in his Correspondence of Sir I. Newton, 1S50^ 
page 21. 

Leibnitz : Cum ParisioB apulissem anno Christi 1672 erani ergo in 

pene dixerim superba Matheseos ignorantia. Leibnitz in Gerhardt's Pamphlet, 
I, page 29 et 30, line 2. 



CHAPTER I. 



BABBOW AND THE METHOD OF TANGENTS. 

From about the year 1650, the Tigorous mathematical life, in 
which England had never been deficient, is seen to receive there an 
extraordinary impulse, and attain to such a degree of development, 
that that comitry became the centre of all the mathematical activity 
of the period, while in France, after the death of Descartes, there 
are no important men to name in mathematics.* 

* Perhaps even Descartes was much indebted to the English Harriot For 
not only does the upright Wallis, who would never knowingly have uttered an 
untruth, affirm this with zealous warmth in many passages of his Traetatus Algihrm 
hitiorieus et practieus, but it was also believed by contemporaries, and at the same 
time countrymen of Descartes's, who are spoken of in Baillet's VUa Carteni, and 
by Boberval, ^t ^entretenant un jour avec MUord Cavendish, lui temoignant etre 
inqitkty <f ot^ etait nenu ^ Descartes Videe, d^egaler tons Us termes d^une equalum 
h itrOf Milord Cavendish lui dit, qi^U n*ignoraii cela que pareeqv^il etait Franfais, 
et lui offirit de lui montrer le livre auquel Descartes devaii cette invention. En effet 
U le mena ehez lui, et lui montra Fendroit de Harriot, oi Von voit la meme chose: 
sur quoi Boherval, transports dejoie, s^Scria, "il Ta vu, il Va ru/" et U le puhlia 
de toutepart. We quote this out of Montuclat. U., p. 144. When Colbert in 1666 
was looking about him for men, out of whom to form an Academie des Sciences, he 
found no geometers or astronomers in France, except the following: viz., Auzout, 
Bnot, Garcavi, Couplet, Frenicle, Niquet, Picart, Richer, Roberval and De la Voye — 
none of them, with the exception of Koberval, who died soon after, persons of 
any great eminence. It was on them and their immediate successors that Leibnitz 
and Bemouilli, who were both their colleagues, pronounced the foUowing judgment : 
(See Gerhardt's edition of the Math. Works of Leibnitz, p. 814 : the earlier editions 
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Z BARROW AND THE METHOD OF TANGENTS. 

Two problems occupied at that time the attention of geometers, 
namely the problem of Tangents and that of Qoadratures, in which 
Barrow and Wallis, in England, had achieved the most advanced 
positions. 

The two problems had as yet no mutual connexion ; for the object 
contemplated was measure in one of them, and direction in the other. 
It will be readily understood, that Barrow's method of tangents cannot 
be left unnoticed in an enquiry like ours; and so indeed a great 
deal is said respectmg him, by the most modem writen in France 
and Germany — as Biot in the "Journal des Savants," and Gerhardt 
in his various writings — ^who have aroused in the present day a lively 
interest in the question, was Leibnitz the discoverer of the Differential 
Calculus, and to what extent? 

We need not on this point speak at much length. Barrow says,* 
NuUa est mcynitudo, gum rum innumeria modis inteUigt producta paaint, 



of the Correspondence do not contain this passage) VerUiimum est, quad de nonnulHe 
Academicis notaa — et san$ qua a se habentplerumqtte sunt medioeriay im dieaim ridicuia — 
et si quid honi edunt, dubitare non licet, quin ab alOsfurati stnt. 

* Compare p. 16 of his principal work, and the one which made the greatest 
noise at that time, entitled, Lectumes Oeometrica in quihus pr<Bsertim generalia 
eurvaruni symptomata declarantur. Of this work the date is not without importance : 
it was published in 1670, (and not in 1674, as Gerhardt says in his tract of 1848, 
p. 15— nor yet in 1672, as he supposes in his tract of 1865, p. 45). That Leibnits 
before his discovery of the Differential Calculus either in 1676 or in 1676 or in 
1674, should not have read this work, (as Gerhardt affirms in the place quoted,) 
is inoonceiyable. Books were not so abundant in those times. Indeed evidences 
to the contrary are contained in the documents, which Gerhardt himself produces. 
In App. 1, to Gerhardt's tract of 1848, p. 32, Leibnitz says expressly, that he had 
seen from Barrow's Lectiones "cum prodirent" — what they contained. This proves 
that Leibnitz possessed Barrow's book not long after its first appearance, 1670. 
Gerhardt gives another document, (Tract of 1866, p. 129,) from which the same 
conclusion may be drawn. This document is, as Gerhardt affirms, dated in Leibnitz' 
hand- writing 1 Nov., 1676, and therein we have again Leibnitz* own words : Plera- 
que theoremata Oeometri€e indivisibHium, qua apud CavaUerium, Vincentiutn, Ore- 
gorium, Barrovium, extant, etc. 
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per motus locales^ per iniersectionee magnitudinum^ per quantitcUe par" 
Uonegue determituUas ab aastffncUta locis distantias, per ductus magfair 
tudinum in nuxgnUudinea^ per applicationea magnUvdmum ad magnitudineSj 
per aggregaHanem magnitudinum ardtne certo dispasitarum^ per appa- 
sUionem fnagnitudinum ad aliasj vel subductionem ab aliie. Harum 
modus primariuSj et quern alii amnes qttodammodo suppanant opartet 
est iste per motum localem. In spite of this idea, which involyes his 
pecnUar mode of contemplating the sabject, Barrow is entirely devoted 
to the more important method of Cavalleri, who conaiders every figore 
as composed of parts infinitely minute and numerous, and every curve of 
an infinity of straight lines. So he says, for example, at p. 15 : curtxi 
tUiquisj vel e rectis {angulas efficientibus) campositaj quae curvae quoque 
namen merito ferat; Archimedes enim e rectis oompositas lineas {uti 
figwrarwfa circulis inscriptarum perimetros) KafiirvK&v ypafifi&y nomine 
compleciiturj ut et vicissim curvae quaevis lineae censeri possunt e rectis 
innumeris quidem iUis indefinite parvis adjacentibus et deinceps secum 
angulos efficientibtiSj confectae. So likewise, in Lectio II. §• 21: curva 
quaedam superficies^ circularibus quasi peripheriis constans^ {Atomistarum 
enim phrasin facUitatisj perspicuitatisj bremtatis^ addere licet et veri" 
simUitudinisj causa non iUibenter usurpo). And modus — dimensiones 
investigandi juxta methodum indivisibilium^ omnium expeditissimam^ et 
Tnodo rite adhibeatur hxud minus certam et infaUibUem.*) 

We owe it to Gerhardt that attention has been again directed to 
this side of the Idea of Barrow. 

Now in the 4th Lectio, p. 40, s 

Barrow proves a very important pro- ^- 

position for the application and draw- 
ing of tangents to figures according 
to this method. He says: in figurft 
26 tangant rectae TMy XN^ dice curvae 
arcum MN recta NH mqforem esse; 




* Compare also p. 21 ad Jin, ; we quote the edition of 1670. 
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4 BARROW AND THE METHOD OF TANGENTS. 

recta vero ME minorem. For draw the chord MNy and draw NB 
parallel to XT^ then NEM shall be an obtuse angle, and therefore 
the chord MN and h fortiori its arc shall be greater than HN. On 
the other hand, because RNE is a right angle, RE shall be greater 
than RN^ and therefore ME>MR-\'RN] but according to Archimedes, 
[ex Archtmedceis assumptis) MR + RN (the polygon circumscribed about 
a curve,) is already greater than the curve that is inscribed in it; 
therefore the arc MN will be less than ME. Perutilis^ says Barrow, 
est hcBc propositio in tangentium demonstraiionibua expediendis. Etenim 
hinc consectaturj si arcus MN indefinite parous ponatur^ ejusce loco 
alterutram tangentis particulam ME vel NH tuto substituu 

Lectio X. begins with these words : Institutum circa tangentes negotium 
adhtic urgeOj and when the theorems which it remained necessary to 
supply on the subject of tangents, have been exhibited in proper geometric 
form, we read on page 80 :* Ita propositi nostri {prior e^ qtuzm innuebamtM 
parte) quodammodo defuncti sumus, Cui supplendae^ appendiculae instar^ 
suhnectemus a nobis usitatam metkodum ex CcUculo tangentes reperiendi. 
Quamquam hand scioj post tot eiusmodi pervulgatas atque protritas 
methodosj an id ex usu sit facere. Facio saltern ex Amici'\ consilio ; 
eoque lubentiusj quod prae ceteris^ quas tractavi^ compendiosa videtwr^ ac 
generalis. In hunc procedo modum. 

Bint APj PM positione datae lineae et MT curvam tangere ponatur^ 
rectae PT qiuzntitatem exquiram ; curvae arcum MN indefinite parvum 
statuo; nomino MP=y; PT=t; MR- a; NR^e; ipsas MR^ NR 
{et mediantibus illis ipsas MP, PT) per aequationem e Ccdculo deprer 
hmsam inter se comparo ; regulas interim has observans 1, inter com- 
putandum omnes ahjicio terminos^ in quibus ipsarum a, vel e potestas 



* We quote yerbatim, except that we call the abscissa and its oxdinata x and y, 
and not with Barrow/ and m. 

t Weissenbom in his ** Beitrag zur Gesohichte der Mathematik oder Principien 
der hoheren Analysis," Halle 1866, takes for granted that Newton is the friend 
here intimated. 
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habetur vel in guibua ipsae ducuntur in se [etenim iati termini nihil 
valdmnt). 

2. Post aequationem canstitutam omnes abjicio terminas^ Uteris can" 
stantea quanttiaiea notasy eeu determinatas deaignantibus ; aut in quHma 
nan habentur a^ vel e {etenim iUi termini semper ad unam aeguationia 
partem adducti^ nihilum aequaibuni). 

3. Pro a ipsam y {vel MP) pro e ipaam t {vd PT) subetituo. Bine 
demum ipsitis PT quantitaa dignoscetur. 

Quod ei calcuktm ingrediatur curvae cufuepiam indefinita particula ; 
efubstitwatur yua loco tangentia particula rite aumta; vel ei quaevia {ob 
indefinitam curvae parvitatem) aequipoUena recta, 

J3aec autem e atibnexia Exemplia clariua eluceacent, 

Exempl, Bit recta EA poaitione ac magnitudine data et curva EMO 
proprieUite talia^ ut ab ea utcwngue ductd rectd 
MP ad earn perpendiculari aumma cuborum ex 
AP et MP aeguetur Cuba rectae AE; £c'+y'=r^. 
{Fiant quae praeacripta aunt) Nominaiia AE=^r; 
AP^x; (and as before MP^y; PT^t; 
MRssaj NB = e); unde 

AQ^X'\-ejetAQcub^af+33i?e + Sx^ + e* 
{aeu refect uti monitum eat reficiendia)==a?'j-Sa?e. 

Item NQcub^cub (y-a) ==y'-3ya4 Bya^-a* 
{hoc eat) = y* — Sy* a. 

Quaprcpter eat of-i'Sa?e-\-^ — S^a=={AQ 
cub'i-NQcub = AEcub^)f^ dbjectiaque datia eat 
ofe-^j/^a^O aeu ;ife^j^ a aubrogatiague loco a 

et e ipaia y et t erit aft^^ ; aeut^z^. 

That is, the equation of the curve j^ + vf^i^ ^ves by this mode 
of calculation — ^which at first assumes infinitely small increments MB 
and NBy a and e^ which afterwards again vanish — the expression 

for the sub-tangent t^^. 




6 BARROW AND THE METHOD OF TANGENTS. 

This process Barrow illustrates by four farther examples, and at 
page 84 he passes on with the words, H<bc sufficere videntwr huic metkodo 
iUuatrandce^ to other geometrical investigations, that is to Lectio X/., 
which begins with the words; Beltquis utcunque paratU^ apponemua 
jam qu(B ad magnitudtnem e tangentibua aeu e perpendicularibua ad curvaa 
dimensumes eliciendas pertinetUia se obfecerunt theoremcUa. Then follows 
Barrow's geometrical method of Qaadratores, of which we shall not 
speak at present. 

We repeat therefore that Barrow's Method of Tangents of 1670, 
which Leibnitz had read, consisted in applying to the problem of Tan- 
gents the idea of neglecting the higher powers of infinitely small 
quantities. 

When Sluse, some time after Barrow, proposed a more convenient 
rule for the expression of tangents, Newton wrote, that .he also had 
a rule for tangents, which was peculiarly suitable for quadratures; this 
rule Newton gives in his well-known letter of the lOth Dec., 1672, 
about which there has been so much controversy, some affirming that 
Leibnitz was acquainted with it, and others that he was not. Ex animo 
gaudeo (writes Newton to Collins, lOth Dec. 1672) D. Barravii amid 
nostri Rev, Lectiones mathematicas exteria adeo placuiase^ neque parum me 
juvat inteUigere eos in eandem m>ecum incidisse ducendi Tangentea MetfuH 
dum. Qualem earn ease conjidam ex hoc exemplo perdpiea. Pone CB 
applicatam ad AB^ in guoma angulo dcUOj termi- 
nari ad quamvia curvam ACj et dicatur AB=x et 
BC—yj habitudoque inter x ety eaprimatur qualibet 
asquaiione^ puta af—2xxg -f bxx — bbx 4- hgy - y'=0, 
qua ipsa determinatur Curva. Regula ducendi 
Tangentem haec eat; multiplica aequationia ter^ 
minoa per quamUbet progreaaionem arithmeticam juxta dimenaionea y, 
puta a? — 2xxg + bxx'-bbx + byy'-^; ut et Juxta dimenaionea a?, puta 

x^ — 2QDXif + bxx-'bbx + byy-'y*. Priua productum erit NumeratOTj et 

poateriua diviaum per x Denominator Fractioniaj quae exprimet longitu- 
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dinem BD^ ad cujua extremitaiem D ducenda est Tangens CD: est ergo 
longitude jj>^ -2a«y + 2%-3y' 

Hoc est unum particulare^ vel coroUarium potius Methodi generalise 
guae extendit se^ citra molestum uUum ccdcutum^ nan modo ad dticendum 
Tangentes ad quasms CurvaSj sive Geametrtcas^ sive Mechanicas^ vel 
guomodocunque rectos lineas aliasve Curvas respicientes ; verum etiam 
ad resolvendum alia abstrusiora Problematum genera de CurvitattbuSj 
Areisj LongttudinilmSj Centrts Chravitatis Curvarum^ etc, Neque {quem- 
admodum Hvddenii methodus de Maxtmts et Minimis) ad solas restrin- 
gitur aeqtuUianes {Uas^ quae quantitatibus surdis sunt immunes, 

Hanc methodum itUertexui aUeri isti^ qua Aequationum JExegesin 
instiiuOj reducendo eas ad Series infinitas. Memini me ex occasione 
aliquando narrasse D. Barrovioj edendis Lectionibus suis occujpatOj in- 
stntctum me esse huiusmodi metJiodo Tangentes ducendi: 8ed nescio quo 
diverticula ab ea ipsi describenda fuerim avoccOus, 

Slusii Methodum Tangentes ducendi brem publice prodUuram conr 
fido: quamprimvm advenerit exemplar efusj ad me transmittere ne grave 
ducas. 

On readbg this letter in the present centuiy, we are impelled to 
ask for the demonstration, but in the year 1672 every one knew 
from the mention of the Huddenian Method de Maximis et Minimis^ 
(which was based upon and proved by an infinitely small increment 
to the abscissa), and furthermore from the frequent mention of Barrow, 
that the foundation and proof of this Newtonian Method of Tangents 
lay also in that infinitely small increment. 

We see that Newton's letter commends this method as a universal 
one, while Barrow's role, it is said, did not yet embrace all cases as 
bearing on one another ; at the same time the letter says, that Newton's 
role is a corollary to his method of Qaadratores. 

We shall hereafter return to this letter, but will previously obtain 
a dear insight into the method employed at that period for Quad- 
ratures. 



CHAPTER 11. 



WALLIS AND THE PROBLEM OF QUADRATURES. 

With the invention of the Differential Calcolos Wallis has a more 
direct connexion than even Barrow, and it is not by mere accident that 
his two contemporaneonslj published Tractata de conicis sectiontbua and 
Arithmetica infinitorum exhibit the first steps in that direction, for he 
makes express reference to what still remained to be done, and has 
since ^tuallj been done by the Differential Calcnlas.* His labours 
occupy the veiy same period, in which the discovery took place. We 
take the course of his progress from the preface to the Ariihme^iica 
infinitorum and to the treatise de sectionibus canida^ (published at the 
same time, and to which he refera in the arithmeHoa infinitorum). Ofpua 
AoCj he says, plane novum. Exeunte anno 1650 inddi in ToriceUi scripta^ 



* His principal work arithmetica infinitorum is a well-known one; it appeared 
in the year 1655, and its title in full was, ar. ir\f. $ive fuwa methodus inquirendi in 
curvUineorum quadraturam. Barrow had handled the subject of quadratures and 
tangents in the main geometricaUy, and had made a mere adjunct of his analytical 
method of calculating, because he had a less warm attachment to arithmetic and 
algebra. Appendietda instar, (compare p. 4X says he, when he has already handled 
the theory of tangents in a geometrical form, 9ubnectemu$ h nobis uiitatam methodum 
ex eahuh tangentea reperiendi, and immediately he goes back again to the forms of 
geometry, in order to investigate the Dimensionee curvarum ex tangentibue sen e 
perpendicularibtu ad curvae, Wallis on the contrary had a greater partiality and 
respect for calculations, for arithmetic, and in consequence came nearer to the 
Differential Calculus than Barrow. 
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ybi CavaUeri Geometriam IndivistbUtum expanit. Ipsius methodusj 
Wallis continues, mihi qyAdem eo graiiof erat^ quod neseio quid civs' 
modi ex quo primvm fere Matheein salutaverim^ animo obeervabatur. 

Ubi huiusmodi Jam obtinuisee methodum persenseram cogitare of/ud 
me coqnj num non hinc aliquid de circuli QuadroJturaj quam summos 
semper viroa exercuisse notum estj luminia accedat. Quod apem facere 
videbaiurj hoc erat, Infinitorwn Ccni circuhrum^ ad totidem Cylindri^ 
raHo jam eraJt cognitaj nempe tU 1 ad S. 

Manifistum etiam erat rectos trianguli esse Arithmetice prcportio^ 
ndle8y eive «/ 1, 2, 3 etc. ergo drcuhs coni {in diametrorum ratione dur 
plicatd) ut 1, 4, 9 etc. 

Hoc autem si universali aliqud methodo invenire possem^ de Oirculi 
Quadraturd satis prospectum esset. Beducto ita problemate Oeometrico 
ad pure Arithmeticwn. 

Aggressus igitur sum primo [ut a simpUdoribus inchoarem) series 

simplices. Adeoque hinc statim Geometriam auctam persensi; cum enim 

antea ex figuris curvilineis sola fere Parabola quadraturam nacta eratj 

jam Paraboloeidium omnium injinita genera und quidem et generali me- 

thodo unica propositio quadranda dooeat. 

Transii deinde ad series ouctM {guas voco) et diminutas sive mur 
tilatas; quae ex duarum pluriumve serierum vel aggregatis aut diffe^ 
rentiis constant. Atque hie etiam successum minime oonJUmnendvm reperi. 
Nempe eas omnes ad series aequalium redigere non erat difficile^ adeoque 
Conoeidea et Spheroeidea^ vel etiam Pgramidoeidea^ non modo recta sed 
indinata^ ad Cylindros et Prismata redigere rem nuUius esse negotii 
perspexi. 

De seriebus autem istis sive auctis sive diminutis non ipsis solum^ 
sed et quae in earum ratione duplicatdj triplicatd^ aut ulterius muUipli" 
cata proceduntj eandem inquisitionem eodem successu conHnuavij uti ex 
iis quae deinceps sequuntur prcpositionibtis videndwm est Ubi simul nu^ 
merorum Jlguratorum^ puta trianguJariumj pgramidaUum etc.j {quorum 
nuUus vel exiguus hactenus Juerai usus et fire ludicrus\ usus insignes 
ex insperato deteguntur. 
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Verum ubi de seriebua aliia quae 9int in iatarum anctarum vel di- 
minutarum ratione svbduplicatd^ et avbtriplicatA etc.y agendum eratj quod 
Circulij ElUpaeos^ et Hyperbolae quadraiuram directe quidem et immediate 
apectahat^ et quae sola jam superfiiit difficultaa: videbam iUic aquam 
haerere. He has therefore, he intimates, proposed a problem on that 
subject to geometricians. 

It was this problem that afterwards gave a more direct occasion to 
the discoveiy of the Differential Calculus. 

In the treatise itself Wallis says: Suppono in limine {Juxta Bona- 
venturae Cavallerii Geometriam Indivisibilium) Planum quodlibet quasi 
ex infinitis lineis paraUelis constare: Vd potius [quod ego mallem) ex 
infinitis Parallelogrammis aeque altis ; quorwrn singulorwn altitudo sit 

totius cdtitudinis — sive aliquota pars infinite parva^ adeoque omnium 

simid altitudo aequalis altitudine figuroje. Propositio 11. Si triangulum 
rectis basi parallelis secetur^ erunt ab- 
scissa triangula secto triangulo similia^ 
et propterea latera habebunt propor^ fi 
tionalia [ut notum est), Adeoque — 
rectos aa, ^^, 77 etc. — -propter aequales 
excessus Fa, a/8, ^87 £tc. erunt aritk^ 
metice jyroportionales hoc est ut 1, 2, 3 
etc. — Ideoque si rectae illae supponan- 
tur numero infinitaCy erit — totum Tri- 
angubim aggregaJtum rectarum numero 
infinitartmiy quarum minima est punc~ 
tum^ maxima est BSy Basis Trianguli. 

Prop. III. Be area Trianguli. Itaque cum Triangulum constet ex 
infinitis sive lineis^ sive Parallelogrammis^ arithmetice proportionaJibuSj 
a puncto inchoatis et ad basin continuatis : Erit Area Trianguli aequalis 
Basi in Altitudinis semissem ductae. 

Est enim notissima apud Arithmeticos regula: Summam* Ariihme' 




* Here we have the idea of summation. 
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ticae progreasionia^ aive omnium quotcungue termirwrum aggregaJtwm^ 
aeqtuiri aggregate extremorum in semissem nuraeri terminorum ducto. 
Nam si terminus minimus supponatur {prout hie supponitur) idem erit 
extremorum aggregatum atque ipse terminus maximus. AUitudinem vero 
Jlgurae pro numero terminorum suhstituo^ qiumiam cum numerus termir 

narum supponatur oo erit omnium hngitudinum aggregatum --- Basis 

{quia Basis Jam est extremorum aggregatum). Cum autem cyuslibet 
{lineae vel paraUehgrammi inscripti vel adscripti) crassities sive AUi- 

tudo supponatur — Altitudinis figurae^ in iUam summa longitudinum 

I — Basis) ducenda est; adeoque — AU. in -— Bos, erit area. Est 

1 c» 

au,tem, — Ax — B=^AB. Adeo ut A {Jlgurae altitudo) non solum 

longitudinum numerum^ sed eundem in cornmunem omnium -altitudinem 
ductum exhibeat^ quae quidem communis altitudo tanto minor supponenda 
est^ quanta termini seu longitudines sunt plures. 

The demonstration in Wallis is therefore as we see of the following 
sort: 

(1) In the progression of the natural numbers 1} 2, 3, 4, 5, etc., the 

sum is - — 9"^; because, as we should now say, in all arithmetical 

series two terms at an equal distance from the beginning and the 

end respectively will always, when added together, produce an equal 

sum ; inasmuch as such a series can be annexed to itself in an inverted 

order, as 

1, 2, 3, 4, 5 

5, 4, 3, 2, 1 

6, 6, 6, 6, 6 

fl + 5) 5 
whence, it is evident, that the sum of the series must be ^ — s-^i or 

C2 
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(2) In the triangle, if it be conceived as oonsistbg of lines or 
small parallelogramB, which we can y y 

suppose to be inscribed in or circum- 
scribed about the triangle, these series 
of parallelograms, when compared 
with one another according to their 
relatiye magnitude, must form an 
arithmetical progression, of which the 
first term will be O, and the last term 
the base of the triangle. But the 
height of the triangle is the number 
of terms multipUed by the small alti- 
tude (or breadth), which is given to the lines or small parallelograms. 

(3) The triangle being the sum of all these small parallelograms, 
we require only the arithmetical sunmiation of the numerical progression 
from zero up to that term, which measures the fundamental line (or 

Base), and we are enabled to satisfy the formula b^- — o* ' ^^^'^ when 

the number of terms is infinite, and when we have therefore to all 
appearance, neither t nor n given, (neither the last term nor the number 
of terms) — ^because for this purpose we pass firom the domain of arith- 
metic into that of geometry, and we find that (a = zero) and ^, the 
longest of the parallel lines, or the longest of the many small parallelo- 
grrams = the Base; and that thus, since a = zero, a + ^, the first and 
last term together = Base ; which base we now therefore measure — 
and because the altitude of the triangle is equal to the thickness, which 
we assign to each line or parallelogram, multiplied into the supposed 
number of the said lines, therefore however thin and how many soever 

they may be, the altitude of the triangle is always «— altitude xm; 

that is to say, the seemingly indefinite number of the parallelograms, (the 

altitude whereof is — of the altitude of the triangle) is the altitude of the 
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triangle, which therefore takes the place of the factor n. The formula 
of BOimnatioD «&=— — n b therefore satisfied, when the base is formally 

sabstitnted for the t and the altitude for the n. Geometry and Arith- 
metic are thus reconciled with one another. Arithmetic says that the 

sum of every arithmetical progression »— ^ n; and Geometry shows 

that this progression occurs in all triangles, when considered as com- 
posed of lines; becddes which Geometry tells me, that the number of 
these terms (of which arithmetically I only know that it is infinite) 
comes to the same as the altitude or some other measurable part of the 
figure that lies before me, because each of the infinitesimal terms is 
an infinitesimal part of the altitude. It is equally manifest that the 
last term of this infinite series is the base of the figure, and the first 
term zero. 

We now give briefly the leading propositions of the application, 
which Wallis proceeds to make of this idea ; we must remark however 

that he has another demonstration of the rule sss'—^n which he 

expresses as follows: « 

8i sumtUur seriea quaniitatum AriAmeHce propartumalium^ continue 
cresceniiumj a puncto vd inchoaiarum et numero quidem vd finiiairum 
vtl infinttarum {nulla enim diacnminia causa est) erU iUa ad seriem 
totidem maximae oequaMum ut \ ad *1. 

Simpltcissimus invesiigandi modus in hoc et seguentibus aliquot PrO' 
hlematis est rem ipsam aliquousque praestare et rationes prodeuntes 6b^ 
aervarCj ut inductione tandem universalis prcpositio innotescat. 
Est igitur exempli gratia : 

0-f 1_, 
1 + 1^* 

2+2+2 * * 
0+1+2+8+4+5 , 

5 + 5 + 6 + 5 + 6 + 5 ** *' 
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Et part modo^ quantumlihet progrediamwr^ prodUnt temper ratio mtb^ 
dupla (1 ad 2). 

It is therefore to the Indactive method that Wallis ^ves the pre- 
ference ; and inasmuch as the first term is zero, the expression —^ n 

tn 
reduces itself to ^ ; that is, the sum of the series bears to that of a 

like number of terms, each of which is as great as the greatest term 
of the series, [or to n^,] the proportion of 1 to 2, {erit series ad seriem 
totidem maxinKB asqualium^ ut 1 ad 2. 

In like manner Wallis proves the further arithmetical proportions, 
for instance: 

iVqp. XIX. 8i prcfponatur series Quantitatum in duplicata rations 
AritAmetice prcportionalium continue crescentium a puncto vel inchoc^ 
tarum {puta u^ 0, 1, 4, 9 etc.) prcpositum sit inquirere^ quam habeat 
ilia rationem ad seriem totidem maximae aequaliumf 

Fiat investigatio per modum inductionis [ut in prop. 1) eritque 

1+1=2 ^ *^^ 

0+1+4= 5 

4 + 4 + 4 = 12"*"*"" 

0+1+4 + 9 = 14 



9 + 9 + 9 + 9 = 36 



= i + T^ 



0+ 1+ 4+ 9 + 16 = 30 _. . 
16 + 16 + 16 + 16+16 = 80 * "" 

Et sic deinceps. Raiio proveniens est ttbique major quam suitripla seu J. 
EoDcesstts autem perpetuo decrescit prout numerus termtnorum attgetur. 

Adeoque {Propos. XXI.) si proponaMr series injmUa^ erit ilia ad 
seriem totidem maximae aequalium ut I ad d. 

Wallis had in the meantime remarked, in general terms, how great 
must be the continually decreasing excess, viz., erit {posito muUitudine 

terminorum m, et ultimi latere T) -^.T + g ^^ .T; the last part of which 
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m 



expression P is the eaxeasus^ gut perpetub deoresciL prout numerus 

terminorum augetur. 

Thus Wallis had obtained the two important propositions — first, that 
the arithmetical progression, taken with a finite or infinite number of 
terms, bears to the sum of as many terms, all of the magnitude of the 
last term, the proportion of 1 to 2. 

Secondly, that the infinite number of terms, If the series be com- 
posed of the second powers of an arithmetical progression, bears to 
the corresponding multiple of the last term the proportion of 1 to 3, 
which Lb here not exactly the case for a finite number of terms, but 
with an excess that is continually decreasing. 

From these Wallis draws a number of corollaries, all which we 
here pass oyer; then he proves Prop. XXXIX., XL. and XLI., that 
if the series be conceived in tripliccUd rcUtane arithmetice prcportiorudium 
continue crescentium^ as for instance 0, 1, 8, 27, 64, etc., their sum 
will be somewhat greater than ^ that of as many numbers, each 
of which is assumed to be as great as the last term, but exactly ^ 
thereof if they are taken in an infinite number. 

Propositions XLU. and XLIII. next prove, that if a series is oom- 
poeed of fourth powers, their sum comes out in a similar manner = ^, 
and in the fifth power =^, etc., all which Wallis comprehends in the 
proposition : erit toHua seriei ratio ad seriem totidem moidmae aeqmliumj 
ui in hoc tabella 

Primanorum ^ id est 1 ad 2 
Secundanorum i . . 1 adS 
Tertianorum ^ . . 1 cuf 4 
Qtiartam>rum ^ . , 1 ad 5. 

Et sic deinceps. Wallis therefore calls the simple ar^metioal pro- 
gressions prmana, the second powers secundana^ and so on. 

From the above follow then, in considering the law for these sums 
of series, the sums of the series of square roots, cube roots, etc., and 
thereafter Theorema LIY: Si inteRiffitur series infinita quantitatum a 
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puncto inchoatarum et continue orescentitim pro roHone rddicum quad* 
raticarumj cubicarum^ btquadrtxticarum etc, numerorum ArUhmeHce pro^ 
porttonaltum {quam appeUo eeriem 8ub$ecundanorumj Subtertianorum^ 
Subjuartanorutn etc,) erit totiua ratio ad seriem totidem maximae aequalium 
ea quae sequitur in hoc tabeUa^ nempe: 

Bubsecundanorum ^idestutladl^ 

Subtertianorum f .... 1 adl^ 

Subquartanorum ^ .... I ad H 

Subquintanorum ^ .... I ad H. 
Et sic deinceps. 

Without entering here also into the applications, which Wallis 
everywhere appends as corollaries to his theo- 
rems, we will here annex the one directly 
following Corollary. Prop. LV. Wallis says, 
Ergo planum eemiparabolae eat vel etiam Paror 
bolae ad Parallelogrammum circumscriptum ut 
2 ad 3. Eat enim Planum Semiparabolae {aut 
etiam Parabolae) aeries infinita aubaecundar 
norum {per 8 prop. Con. Sect.); ParaUelo' 
grammum autem aeriea totidem maxima aequa^ 
Hum. Ergo iUud ad hoc ut 1 ad l^ vel ut 2 i" 
ads. 

The eighth proposition of the tract De conida aeciionibuaj to which 
Wallis here refers us, as he does throughout this treatise, exhibited 
in a purely geometrical form the property of the parabola, that in 
it the Quadrata applicatarum aunt interceptia Diametria prcportionalia^ 
and that therefore the abscissae AD are to one another as the squares 
of the applicates [ordinates] {DO)^] so that consequently if the applicates 
stand at an equal distance from one another, their squares, when imag^ed 
in a series, form an arithmetical progression, or the applicates them- 
selves a progression of the roots of such a series. Therefore Wallis 
just says here briefly, that an infinite series auiaecundanorum V^, 
(for instance the series Vo, Vl, V2, Vi, Vi, Vs continued ad infinitum) 
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bears to the rectangle (namely, to the infinite series of lines of 
equal magnitude, all as great as ihe last line of the parabola,) the 
proportion of 2 to 3. 

After the several series of squares, cubes, &c., and aLso the series 
of square-roots, cube-roots and so on, have been summed, (and when 
thus the quadrature has been effected of all figures whose equations 

are y^aaff^ or y = aVar,) the 58th proposition remarks concisely, that 
from the above follows the role for the series composed of powers 

and roots; for since^ e.g. «me5 sfabUrtiamorum {piUa Vo, Vl, V2, v^3, Vi, 
etc.) raiumem haheant [ad aeriem totidem maxinuB CBqualtum) earn qtue 
est 3 ad ^j eorum quadrata {juob eadem sunt et radices ctdncce seriei 

secundanorum^ futa Vo, vl, Vi, V9, ^16, etc.) ratumemhcAAunt ad totidem 
maximcB cequcUiaj earn qwB est 3 ad b. Quia nempe f , |, f sunt arith" 
metice propartianalia. It is now obvious, that all curves, or other 

regular geometric functions, whose equations are y = a.', «. squared 
by Ihb rule; and this is all comprehended* in Prop. LXIV., to which 
Wallis refers us in his preface, in order to call attention to its im- 
portance. 

It wiU be remembered that in the Preface (after reference made 
to this most general proposition) we are told, Deinde transii ad series 
auctas [quas vocoy) et mutilatas sive deminutasj quos ex duarum pluriumve 
serierum aggreg(xtis constant. 

Of this we will ^ve one example, which will make it readily in- 
telli^ble. 

Sit verbi gratia (in Prop. CVlll.) terminus aequalium {et prima- 

norum maximus) B; ejusque pars infinite parva dicatur a = — ; numerus 



* Wallis treats also of the cases with negative exponents, in which occur 

the several series -, -, -, -, etc., -— , -7=, -— , —r, «A?., and consequently 

1234 VlM^V^Vi 1/ 

the fractional equation y « -^ • 
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terminoTum omnium [vdfigurae altitudo) A, 





B-Oa 


jS + Oa 




R-\a 


B + \a 




B-2a 


£ + 2a 




BSa 


JS + 8a 




etc. 


etc. 




etc. 


etc* 


8% termini cantinuentur .... 






in infinitum usque ad 


B'-B 


B^B 


erit [Besiduorum) gumma.. 


AB'-^AB. 




et (Aggregaiorum) gumma 




AB-^-^AB. 



This is repeated in a still more general form in Prop. CXI., 

JBf^^2cf 
etc. 



Nempe si termini 



\ 



continuentur usque ad 



etc, 
B^TB" 



B^TOa* 

Bri^2cf 

etc, 
etc, 

bttb^ 



jB*TOa* 

i2*T2a* 

etc. 

etc. 

B^TB^ 



Summae AIP^^Aff ABfT\AIf AB^^^AIf 

Hoc est residuorum summa f } i 

et AggregatOTum summa f « f f 

It is evident that Wallis had discovered Integration in the easier 
cases. The geometrical idea of Gavalleri and Gregoire de St. Vincent, 
of conceiving a surface as composed of lines, was by Wallis converted 
into an arithmetical one, and the process of summation was thus brought 
into the foreground. Even now a learner, who never readilj compre- 
hends what integration as a method of effecting the quadrature of geo- 
metrical surfaces really is, cannot have a more distinct idea of it given 
him than by the plan and teaching of Wallis, who, beginning firom 
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the simplest case in the triangle, shows that the infinite number of 
small parallelograms^ (or if jou will, of lines) added together give the 
height of the triangle, and that consequently the formula of summation 

fssi — ^-^) in the case in which the number of terms is infinite, is 

applicable to geometry, and that so are likewise other arithmetical 
formulas of summation in other figures. 



i>2 



CHAPTER IIL 



THE INVENTION OF THE DIFFERENTIAL CALCULITS. 

We have seen that Barrow appended an arithmetical method of 
tangents to his geometrical works, and that for g^metrical quadratnreB 
Wallis taught in general the arithmetical process of sommation. When 
Mercator had discovered the qoadratore of the hyperbola, of which 
Wallis had said hie hceret aqua^ and when this created great sensation, 
Barrow wrote back ;* A friend cf mine brought me the oiker day eome 
papers^ wherein he hath set doum methods of calculating the DimenaionB 
of Magnitudes like that of Mr. Mercator for the Hyperbola^ hut very 
general; and a couple of days later, I am glad my FViend^s Paper gives 
you so much sattrfaction; his name is Newton^ a Fellow of our College^ 
and very young^ but of an extraordinary Oenius and Rrofciency in 
these things. 

These papers were headed, JDe analysi per cequtztiones numero termir 
norum infnitaSj and begin with the words Methodum generalem^ quam 

* Amictu quidam, according to the Latin version in the Commereium JB^istoUeumf 
nudius tertiuB ehartat quasdam tnihi tradidit, in qmbua magnitudmum dimsnnonsi 
supputandi Methodos M$reaton$ methodo pro HyperbM smUkSi maxims vero gene- 

ralei descripsit est HU nomen Newtonus, juvenii, st qui sximio quo ut ocumme 

magnoB in hoe r» progrestus fecit. This is the passage that Weissenbom did not 
cite, but we suppose had in view when he assumed (what in the meantime is however 
doubtful) that Newton was also that anUeua who (just at this time, for Barrow's work 
was published 1670) pressed Barrow, as Barrow said, to append to his geometrical 
work the arithmetical process for calculating tangents (see above, page 4). 
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de Ourvarum quantitate per infiniiam fsrminorum Beriem mensuranda 
olim eoooogitaveram^ in eeguerMma brevikr eaplicatam peHua gviim accwraie 
demonstrcUam habea. 

The contents of this compendium are, in ^ 

the brief words of Newtoni (leaving out all 
the calculations and applications) as follows: 
Bcisi AB [Curvae alicuiua AD) ait appliccUa 
BD perpendicularia : Et vooetur AB==Xj BD^y 
et sint aj bj e etc. Quantitates datae ei m, n^ 
Numeri uUegri. Deinde 




GUBVABUM 8IMPLICIX7M QUADBATURA* 

«4« 



Begula I. Si ax^^y: erit-^- x * 



Area ABD. 



RES EXEMPLO PATEBIT; 



i 



(1) Bi of^Xo^^y; erit ^a? ^ ABB. 

{^)ai^^x''^y; 

erit^ — - «"* = — ar*s= — s^aBD* 

infinke versus a protemae; quam caleulue 
ponit negativanij propterea quod jacet ex 
altera parte lineae BD. 




COMPOSITABUM GUBVABUM QUADBATURA EX SIMPLICIBUa 

Begula n. 8i vahr ipeiiie y ex phmbus istiuamodi Terminia 
campanitur^ Area etiam componetur ex Areia quae a aingulia Terminia 
emanont* 

exempla: 

Bia? + x^^y; erit ^af^ix^^ABD. Et ai 8a?-2a? + a5P-6a^«y/ 
Erit ia?^iaf + {x^'a?^ABD. 
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ALIORUM OMNIUM QUADSATURA. 

Begula ni. 8i valor tpaius y vd oMquia efua Termintu sA prae^ 
cedentSms magta compaaitusy in Termtnaa Bimpliciores reducendua est^ 
operando in Uteris ad euniem Modum^ quo Arithmetici in numeria Dtdr 
mcdHma dividunt^ Radioes extrahuntj vd affectas aequationes solvunt; 
et ex istis Terminis quaesitam Ourvae superfidem^ per praecedenks JZ0- 
gtdas deincqM elides. 



aa ^* 



EXEMPLA DIYIDENDO. 

, « y / Ourva nempe existente Hj/perbola-^Divisumem tn- 

sMuo — et s%e vtce hujus y = — — prodtt y ■» t- — sr + "^ gr ^. 

serie ista infinite oontinuata; Adeogue {per Begulam Becundam) Area 
quaesita ABDO erit = -- — — - + _. - -^ ete. infinUae etiam Beriei^ 

cuius tamen paud initiaJes sunt in usum quemvis satis exaeti^ d modo 
X sit aliquoties minor quam h etc. (six pages). 

Et haeo de areis curvarum investigandis dicta sujfidant. 

Imo cum PrdblemaJta omnia de curvarum Longitudins de gwmUiitalte 
et superfide SolidoruMj deque Centro Oravitatisy possunt eo tandem r9- 
dud fit quaeratur qtumtitas Buperfidd planae Unea curva termtnatae^ $ian 
opus est quicquam de Us €U^ngere. 

In istis aMtem quo ego operor modo dicam brevissime. 

APPLICATIO PRAEDICTOBUM AD REUQUA I8TIUBM0DI PBOBLEMATA. 

Sit ABD curva quctevis^ et AHKB rectangulum cwius hitus AH vel 
BK est unUas. Et cogita rectam DBK unifbr^ 
miter ab AH motam^ areas ABD et AK d^ 
scrxbere; et quod BK[l) yit momentum quo 
AK[x) et BD(ff) momentum quo ABD gror 
datim aiugetur; et quod ex memento BD per^ 
petim datOjpossisy per praediotM regulas^ aream 
ABD ipso descriptam investigarSj dve cum area 
AK{x) memento 1 descripta confinrre. 
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Jam qua riOione Superficies ABD ex momento suo perpeiim dato^ per 
prcbecedentes reguUxa eUdtur^ eadem quaelibet alia quantitaa ex mamento suo 
sic data dicietur. Exemplo resjtet clarior. 



LONGITUDINES CUBYARUM INYENIRE. 

Bit ABLE circulus cujus areas AD hmgitudo est indagania. Dudo 
tangente DHT^ et completo indefinite 
parvo rectangulo HGBK^ et posito 
AE=^ 1 = 2AG. Erit ut BK sive 
OHj momentum Basis AB{x)y ad HD 
momentum Arcus AB::BT:BT::BB 

(V^^^^) : i)O(i) :: 1 {BE:) : , ^ {BE). Adeojue 

2Vg — 2asc 
2a? — 2a» 




XX 



2 Vaj — a»c 



s%ve 



est momentum Arcus AD. Quod reductumJU 

^x^-^^x +i\a: +B*s« +iiF« +i^aj, eto. 
Quareper regulam secundam^ hngitudo Arcus AB est 

sive «* tn 1 + Jaj + A^ + jf ¥^ + xf f ¥^* + ¥§1 ir^i ^• 

Non secus ponendo CB esse Xj et radium CA esse 1, invenies Arcum 
LD esse x + ^af + -f^fiif + xf t^'j ^* 

Bed notandum est quod unitas ista quae pro momenta ponitur^ est 
Superficies cum de Solidisj et linea cum de superficiebuSj et punctum cum 
de lineis {ut in hoc exemplo) agitur. 

Neo vereoT loqui de unitate in punctisj sive lineis injbnte parvisj si 
guidem proportiones ibi Jam contemplantur GeometraCj dum utuntur me- 
ihodis IndivisHnlium, 

Ex his fiaJt conjectura de superfidebus et guantitatibus solidorum^ ac 
de Centris Oravitatum, 

Under the headings — 

Invenire prcsdictorum conversum^ 
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and 

together with 



Inventio Baaia ex Area daiOj 



Inventio Bctata ex Lonffitudine Cutwb^ 
Newton proceeds to ^ve that whidi Is announced under these titles, 
and closes the compendium with the demonstration of the two leading 
'propositions. Beapicienti^ says he, duo prcB religuia demonetranda o<y 
currunt 

I. DEMONSTRATIO QUADRATUBAE CURYARUM SIHPLICIUM IK REGULA 
PRIMA. PRAEPARATIO PRO REGULA PRIMA DEM0N8TRANDA. 

Sit iiaqtie eurvae alicufua AJ)i Basis AB^x^ perpendicvlcariter ap' 
plicata BI)=yj et area ABD = gj ut pritis. Item sit ^6^ 

Bfi^Oj BK=^Vj et rectangtdum BpHK(fiv) aequale 
spatio BfiBJ). 

Est ergo A0=iX-^Oj et ASfi^s^z + ov. His prae- 
missisj ex relatione inter x et e ad arbitrium assumpta 
quaero y isto^ guem sequentem vides^ modo. 

Pro hibitu sumatur )a? ==«, sive ^^zz. Turn X'\-o{Afi) pro x^ 
et Z'^ov{ASfi) pro z stdfstituiisj prodibit f in a? -{- Za?o •\' Bxo^ + o* ^ {ex 
naiura Ourvae) s* + 2zov + oV. Et suhlatis {^of et zz) aequalibusj relv- 
quisque per o divisisj restat % in 3»B' + 3aM> + o*3s22Pt; + ot)^. Sijam sup^ 
ponamus Bfi in mfinitum diminui et evanesoere^ sive o esse nikCl-^ erunt 
V et y aequalesj et termini per o muUipUcati evanescent^ quare restabit 

i X Zocx = 2«v, sive faw (= zy) = fyaj , sive a^ f = — j =y. Quare e contra 
si X =y, erit fee y = «.• 




X 



* Newton ohooBOs here a complicated case; but if we take the most simple 
example, which he gives somewhere s « j^; then, (if we suppose again that, in order 
to retain the figure, x s AB; d; + o » AB; c = ADB) we have 

(« + o)* = a^ + Sob* + 8o^« 4 o' » s + oo ; 
consequently Soa^ + 3c^x -^o^^ovi therefore Sx* 4- Soa; -f o^ - «. Now o » ser6 gives 

8d^ a o o y. 
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DEMONSTRATIO. 

9n + n=^, « cx^z 8tv€ c^x' = z*: turn x-\-o pro aj, e/ z-^ov [aive^ 
quod perinde estj z-\-oy) pro z^ suhstitutis^ prodit c* in af+poaf^j 
etc, = «" + noyz*'^ ; etc. reliquis nempe terminis^ qui tandem evanescerentj 
omissis. Jam sublatis c^af et z* aequalibuSy rdiquisque per o divisisj 

restat ^px^^ = nyz^^ ( = — — = ^ ^ | sive dividendo per d^af^ erit 

ex* 

px'^ = — ^ sive pcx " =ny ; vel restituendo pro c, et wi + n 

ex* 

m 

pro Pj hoc estj m pro p—n^ et na pro pcy Jiet ax* =y. Quare e contraj 

n 



81 ax =^y. ent ax =z. q.e.d. 

^' m + n 

This is therefore Newton^s compendium of the Differential Calculus, 
which in 1669 was sent from Cambridge to the President of the 
Society in London, as likewise to Collins. To this Newton added 
his Tangential Method in the letter which he wrote to Collins on 
the 10th of December, 1672, in which he said, as the reader will 
recollect, that he was glad that Barrow's "Lectiones" had met with 
so much approbation, and that his (Newton's) Method of Tangents 
which was indicated in the letter by an example, belonged to his 
universal method of Quadratures. 

Respecting the sensation which this discovery gave rise to, see 
the letters (printed in the Comm, Epist.) in which it was announced 
in Italy, France, and Holland. When Leibnitz had heard of it, and, 
speaking of some results of it which had come to his notice, wrote, 
rem gratam feceria si demonstrationem transmiseris (letter to Oldenburg, 
of 22nd May, 1676), Newton wrote concerning his method and his 
invention, not yet published in detail, the letters to Leibnitz, which 
are printed in the Commerdum Epistolicum. Newton begins by 

B 
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saying, Quamquam Dom. Letbnitii modestm in excerptis qum ex eptstold 
ejus ad me nuper miststij nostratibus muUwm trtbuit circa Specula^ 

tionem quandam infinitarum serierum de quA jam coepit ease rumor 

qtumiam tamen ea scire pervelit quoB ah Anglis kdc in re inventa 
suntj — ^he is therefore willing to communicate some information. With 
regard to infinite series, the idea, he intimates, through which they 
were at first discoyered by him, was that of extracting from algebraical 
expressions, in the same manner as from decimal fractions, the roots which 
could not be otherwise obtained. But inasmuch as all expressions of roots 
and divisions could be regarded as powers with fractional or negative 

exponents; since, instead of Va, Va', etc., we could write the forms 

a , a , and instead of -^ , «-=r , the forms a"', a *, and so, in complicated 

a va* 

a^ 4 

cases, instead of ., the form a" (a* -f baf) : therefore all the rules 

for the extraction of roots, were comprised in the one theorem which 
(he says) he will impart to Leibnitz, viz.* 

(P+PQ)" =P* +- ^(2+ -"2^ 5(24--"^^^ C« etc. 

The generality, continued Newton, of his method could be easily 
shown by examples; 8ince,t for instance, the expression 'J<? + a? was by 

this method changed into the series ^+(5")^""(oni)^* + { t^ J a^ — &c. 
As a further example Newton chooses the expression "^'c^ + c^x — nf^ 



* By this means every curve, however complicated might be its equation, pro- 
vided it was not an implicit one, was brought under Wallis's rules of Quad- 
rature (summations) which in the letter were presumed to be known and were 
known to Leibnitss, as to all geometers, since 1659. 

t This refers, as Leibnitz knew, to the expression for the hyperbola, of which 
the quadrature (just given by Mercator) had appeared so difficult, and of which 
Wallis had said hie haeret aqua. Wallis' rule of summation is applicable to the 

series and not to the finite expression Ve' + «*. 



THE INVENTION OF THE DIFFERENTIAL CALCULUS. 



27 



or {(? + c^x — afy. Of firactlonal expressions also Newton annexes a few 

examples, viz. the cases in which there might come into the equation 

11 '• 

of the curve terms such as — : — or ■; r^ or 



8 • 



a + oj [a + xY "• H' + Wx-\-Zhi? + x 
But if the equation were yet more complicated, that is to say, 
'^affected,"* then the roots could be sought by approximation, of 
which Newton gives two examples. 

He then continues, Quomodo ex (equcUiofvSma sic ad infinites aeries 
reductia arem et longitudinea curvarum contenta et superficies solidorum 
vel quorum libet segmentarum figurarum quarumvis eorumque centra 

gravitatis determinentur nimis hngum foret describere; suffidat 

specimina qucedam talium prohlematwm recensuisse^ inque iis brevitcUis 
gratid literas A^ Bj C etc,^ pro terminis seriei sicut sub initio nonnunquam 
usurpabo. With this introduction Newton gives, in nine examples, the 
entire results of his AnalyBis.t 



* This expresaioii refers to what is now called an implicit equation. Thus 
Newton having heretofore brought under the WalUsian theorems, or (as we may say) 
method of Integration and rule of Quadrature, all curves with equations such as 

y = Vc" + «*5 y = Vc* + c*x - «*, etc., or in general y =»/(*), turns his attention here 
at last to the implicit functions, /(x, y) a 0, i.e. to expressions such as 

y* 4 axy + «*y - «• - a* « 0. 

t The difference between the contents of the Analysis, and that which is here 
communicated to Leibnitz, will be rendered eyident by the following example. In 
the Analysis we read, (compare above, page 23) Longitudines curvarum invenire. 
Sit ADLE eireulus (where AB ^ «, there- 
fore since AE^l, (DBf=^x(\-x), or 

DB = Va; (1 - x) o V« - «" ) eujtts arena AD 
longitudo est indaganda. Ducto tangente 
DHT et eompkto indefinite parvo reetanguh 
HQBK, et potito AE^ 1 « %AC; Erit ut 
BK five OHt momentum Baeie AB (x) ad 
HD momentum Areus AD 

:: BT: DT:- BD {eive Vi"=l?) : DC {sive J) = 1 {BK) : ^ , ^ (DH)Adeo- 

2 V«- «■ 

B2 
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After Leibnitz had answered tbls letter, and requested further ex- 
planations, Newton says in his letter of 24th October, 1676, that the way 
in which he had hit upon a part of his method in the commencement 
of his studies was this, that he had endeavoured to interpolate the 
series, the interpolation of which Wallis had declared to be necessary 
for Quadratures that were too difficult for him.* He had written [he 
says] a compendium of his whole method, which had been communicated 
through Barrow to Collins, in quo signijlcaveram Areas et Langitudtne§ 
Curvarum omnium et Solidorum Superficies et Contenta^ ex datis Jtectis 
et vice versd ex his datis Rectos determinari posse. When he afterwards 
wished to make a treatise out of this, he had added [he states] other 
things, and in particular the method of drawing Tangents, which Sluse 
also had discovered, (but with this difference, that the method of Newton 
was applicable to complicated curves), but this method of Tangents and 
other things he preferred [he says] not to communicate to Leibnitz. 

To this Leibnitz answers in these words, in which it is said is con- 
tained his independent discovery of the Differential Calculus, viz. that 



1 . v^r^ 

^^ o ^ — ^ *^ 7»Z — oJt ••* fnamentum areut A D, Quod reductumJU 

ix'^ + i«* + Aar* + A*^ + ,VaX* etc. 

Quars per regulam $eeundam (one of the Wallisiaii rules of Quadrature or Summadoni 
vhich Newton makes use of) longUudo areus AD ett 

a?* + iar* + A* + ifa* + Tiir* ^tC. 

Instead of these words and the accompanying figure in the Analysis, Newton 
in his letter to Leibnitz gives only the result : Si ex data sinu vel einu vereo areue 
desideratur et d diameter ae x einus versue, erit arcue 

= <rx' + — + (or X* + ix* + A* if rf = 1). 

* Newton's words are: Sub initio eiudiorum meorum nuUhematieorum %ibi 
ineideram in opera WaUisii, coneiderando Series quarum intercalatione ipse eirculi 
Aream etc. This is the place where Wallis, in his preface, had said, hie haeret 
aqua. 
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whereas Slose's method of tangents was not sufficient, he had discovered 
another, and to this he adds, arbitror gwe celare voluit NewUmus de 
Tangentibua ducendis ah his nan abludere. Leibnitz's words are : daria- 
simi Slusii Methodum Tangentium nondum ease absaliUam celeberrima 
Newtona aasentiar. Et jam a multo tempore rem ^^ 
Tangentium longe gener alius tractavi; scilicet 
per differentias Ordinatarum. Nempe T \B 
{iniervallum Tangentis ah Ordinata in Axe 
sumptum) est cid IB IC Ordinatam^ ut \CD 
{differentia duxirwn Ahsdssarum A iBj A 2B) 
ad D 2C {differentiam duarum Ordinatarum 
IB 1(7, 2jB 2(7). Nee refert quern angulum 
fadunt Ordinatae ad Axem. Unde patetj nihil 
aliud esse invenire TangenteSj quam invenire 
Differentias Ordinatarumj positis differentiis Ab- 
scissarum {seu IB 2B=lCD) si placet aequalibus, Hinc nominando 
{in posterum) dy differentiam duarum proocimarum y {nempe A \B et 
A 2B) ; et ix seu D 2G differentiam duarum praximarum x {prioris 
iBlCj posterioris 2B2C); patet dy* esse 2ydy; et dy" esse 3y*dy, 
etc. et ita parro. Nam sint duae proximae sUn {id estj differentiam 
hahentes infinite parvam) scilicet A lB=y; et A 2J9=y + dy. Quo- 
niam panimus dy" esse differentiam quadratarum ah his duahus rectisj 
AeqiuUio erit dy*=y' + 2ydy + dydy — y". Seu omissis ^—^ quae se 
destruunt^ item omisso quadrato quantitatis infinite parvae {ob ratianes ex 
Methodo de Maximis et Minimis notas)^ erit dy* = 2ydy. Idemqae est de 
caeteris potentiis. Hinc etiam haberi possunt differentiae quantitatum ex 
diversis indefinitis in se invicem ductis factarum : ut iyx erit=ydx+xdy/ 
et A^x^2xydy + i/'dx, Hinc si aequatio 

a + by + cx + dyx + e^+JV+gy'x + hya? etc. = 0; 

staHm habetur Tangens Ourvae ad quam est ista Aequatio. Nam ponendo 
AB^y^ et A 25=y-+ dy {scilicet^ quia \B2B seu lGD = dy) ; Itemque 
ponendo iBlC^x^ et 2B 20 =x + dx {scilicet j yuta 2CZ> = da?), et quia 
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eadem aequcUio exprimit qttoque relationem inter A "iB et 2B 2 (7, quae 
earn exprimebat inter AlB et \B iG ; Tunc in aeguatione ilia pro y 
et X subetituendo y + Ay^ et x-\- dx^ fiet 

a-^ by + ex -\- dyx -f- cy* + jbf + gj^x -f- hya? etc. 



idy-f-cda:+ rfydx + 2eydy + 2^dx + 2gxyiy -f'2hxyAx etc. 
+ dxiy + gj^^ +hafiyetc. 






= 0. 



-\'ddxdy'\'eAyiy-\-fixdx+ yxdyiy +hydxdx 
d est quantitas communi more. + 2gyAydx + 2hxdxdy etc. 

d est nota Differentiae. + gdxdydy + hdydxdx 

Ubiy abjectia illia quae aunt supra primam lineam^ quippe nihUo aequor 
libus per aeqtuUianem praecedentein ; et abjectia illia quae aunt infra 
aecundamy quia in illia duae infinite parvae in ae invicem ducuntur ; 
hinc reatabit tantum aeqtuUio haec bdy + cdx + dydx 

-\-dxdy etc. = Oj quicquid 
acilicet reperitur inter lineam primam et aecundam. Et mtUata aequo- 
tione in ratianem aeu Analogiam^ Jiet 

dy c-\-dy-\-2fx-\- gj/^ +2hxy etc. 

dz b + dx-^ 2ey 4- 2gxy + ha? etc. ' 
Id eat 

. dy '-lB2B,aeu-lGD TlB\ .c-^dyetc. T IB 

Quod coincidit cum Begula Sluaiana^ oatenditque earn atatim occurrere 
hanc Methodum inteUigenti. 

Bed Meihodua ipaa (priore) noatra longe eat amplior. Nan tantum 
enim exhiberi poteatj cum plurea aunt literae indeterminatae quam y et x 
[qiuxi aaepe fit vfuxximo cum fructu) ; 8ed et tunc utilia eat cum inter-' 
veniunt irrationalea^ quippe quae earn nvllo morantur modo^ neque ullo 
modo neceaae eat irrationalea toUiy quod in Methodo Sluaii neceaae eat^ 
et calculi difficultatem in immenaum auget. 

Quod ut appareaty tantum utile erit in irrationalitatibua aimplicio- 
ribua rem eaplanare. Et primum ait in aimpliciaaimia generaliter. Si 
ait aliqua potentia aut radix x' ; erit da? ^ zaT^ dx. 



( 
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8i z ait J, aeu si of sit isjx^ erit da;*, seu hoc loco A^s/x — ^x^dx 
seu 5-7-/ ^ notum aut facile demonstrabile, 

A yX 

Sit jam Binomiumy ut 



f^ : a-^by + c^ etc, quaeritur d V' • « + &y + cy* etc. seu da;', 

posito i = Zy et a -{^ by + c^ etc, == X. Est autem ^ = bdy + 2cyiy etc. 

Ergo Ax' seu — = ^-^ — - — . Eadem MetAodtis adhiberi 

3a; 3 x a + iy 4- cy* ete. | 
potest etsi Bodices in Badidbtuf implicentur, Hinc si detur aequatio 
valde intricata^ ut 

a + te^y' + iV' : lTy + Aa;^y^y' + y^^r^ = (?, 

ad aliquant Curvam cuius Abscissa sit y {AB)j Ordinata x {BC)^ tunc 
Aequatio proveniens utilis ad inveniendam TangerUem TGj statim sine 
caJculo scribi poterit; et erit haec 



bix'^y' + b^/*: 1 +y + — 7==^= x2ydy-»- ^ 

2V + *V': l + y 3xTTyl 

+ ^a;'dy + 2Aa!;yda; x ^y* 4-y Vl — y 



+ -7=^^=x2ydy + dyVl-y---^==0. 

SeUj mutando Quotientem hanc inventam in Analogiam^ erit — dy ad 
Ax^ seu TlB ad IB iCj ut omnes provenientis aequationis termini per 
Ax multiplicatij ad omnea ^usdem terminos per Ay muUiplicatos, 

Ubi sane mirum et maadme commodum evenit, quod Ay et Ax semper 
extant extra vinculum irrationale. Methodo autem Sbmcma omnes ardins 
irrationales toUendas esse nemo non videt, 

ArbitroTj quae celare volwit Newtonua de Tangewtibus ducendis^ ab 
his non aihlvdere. 

We see here that Leibnitz avoids making any mention of a 
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Newtonian method of tangents. We remember Barrow's method of 
tangents in which he had given: 




a figure and a 
process quite si- 
milar to those of 
Leibnitz's letter : 




in which figure, (as may be seen above Chapter I., page 5) Barrow 
took MR = a^ NR = e^ and gave the rules: Inter computandum omnes 
ahjicio terminoSj in qutbiut ipsarum a, vel €, potestas habetur vel in qutbua 
ipsae ducuntur in se^ and we remember that Newton, supplementing 
Barrow, said in his letter of 10th December, 1672, that his (Newton's) 
method of Tangents could be apprehended from an example, in which 
he mentions the rule and then says : hoc est unum particulare methadi 
generalise quae extendit se nan modo ad ducendum tangentes verum etiam 
ad resolvendum alia abstrusiora problemata de curvitaJtibus. We repeat 
that, if Leibnitz was acquainted with this letter of Newton's, in which 
was contained the Newtonian method, which was Leibnitz's method, 
he ought not to have avoided the mention of this method, and ought 
not therefore to have written, arhitror quce celare voluit Newtonus 
de Tangentibus ducendis ab his nan ailudere^ but to have written: 
qucB celare ^luisset Newtonus mihi cogrnta sunt^ nam literas ejus 
lOint Vecembrisj 1672, inspexi. 
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Nor let It be said, that it was Newton's business to remember in 
1676 that he had in 1672 written that letter on Tangents to Collins, 
and that Collins might perhapis have communicated it to a friend; or 
that, if Newton, after the lapse of several years, did not remember 
this fact, then Leibnitz too might forget it; for although indeed it 
was four years since Newton had written the letter to Collins, yet it 
was not four years since Leibnitz had been acquainted with the letter, 
and in the next place Leibnitz was the learner, who would pay 
attention to all that came new to him; whereas Newton was not, like 
a learner, attentive to the extent of what he communicated, and could 
quite forget having^made this communication which after all he had 
sent only to Collins and not to Leibnitz. 

That Newton's letter on Tangents had actually been known to 
Leibnitz, has been only rendered evident since 1849 by Gerhardt's 
discovery of the abstract which Collins had got ready for Leibnitz, 
containing the last part of this letter of Newton's upon tangents in 
the words : quod scilicet Dn. Newtonua cum in Uteris suis 10 Decembrisj 
1672, cammunicaret nobis methodum ducendi tangentes ad curvets geo- 
metricas ex aequatume ea^mmente rdationem ordinatarum ad Basing 
subficit hoc esse unum particulare^ vet coroUarium potius^ methodi gene^ 
rcdisj quae exUndit se absque molesto calculoj nan modo ad ducendas 
tangentes accommodatas omnibus curvis^ sive Oeometricas sive Mechanicas^ 
vel quomodocunque spectantes lineas rectos^ aliisve lineis curvis; sed 
etiam ad resolvenda alia abstrusiara jyrcblematum genera de curvarum 
Jlexu^ areis^ longitudinibusy centris gravitatis etc, Neque {sic pergit) ut 
Huddenii meihodus de maximis et minimis^ proindeque Slusii nova 
Methodus de tangentibus^ {yt arbitror) restricta est ad aequationes^ Sur- 
darum qiumtitatum immunes. Hanc methodum se intertexuissCj ait 
NewtonuSj alteri Ulij quae aequationes eapedit redticendo eas ad infnitas 
series ; adjioUque^ se recordari^ aliquando data occasione^ se significasse 
Doctori Barrovioj lectiones suas jam jam edituroj instructum se esse tali 
methodo ducendi tangentes^ sed avocamentis quHmsdam se pracpeditum^ 
quominus earn ipsi describeret. 

F 
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In the next place £dle8ton attests that a copy of the whole letter 
was sent to Tschimhaus in CoUins's paper ^^ about Descartes," and 
Grerhardt confesses that Leibnitz and Tschimhaus, in 1675, worked 
together, and were so intimately connected that thej used the same 
paper and the same ink and pen.* 

Even before these most recent investigations, it was concluded 
from the silence of Leibnitz that the Newtonian letter on tangents 
was known to him; for this much had been distinctly affirmed in 
the Ccmmerdwm JEptstolicum^ and Leibnitz did not deny it Prof. 
De Morgan has discovered that in the first edition of the Comm. 
Epiat.^ which appeared in the lifetime of Leibnitz, this distinct affir- 
mation and statement is only found in the judgment pronounced by 
the Committee, nusquam mentionem reperimua Methodi gm DiffhrentiaUs 



* Edleston's CorreBpondence, etc., page xlvii, and Oerfaardt (I., page 91) and 
Tract n. of 1866, page 68. For Buperabundance we have Leibnitz's own words to 
prove his intimacy with Tschimhaus, see Leibnitz's letter to Oldenburg of 28th De- 
cember, 1676: Quod Tschimhausium ad nos misisti, fecisti pro amico — inventa mihi 
ostendit non pauca Analytica et Geometrica. Leibnitz moreover, if Tschimhaus 
had hesitated to show him what he had, could most easily see the whole letter 
when he was in London, in October, 1676. 

Gerhard t, in his recent volume (Leibnitz Mathem. Schr. Band IV., 1859, page 
420) says: ''In May, 1676, Tschimhaus was not in Paris, but either in London 
" or on his way to London." Iliis remark, instead of assisting Leibnitz, as Gerhardt 
thinks, corroborates on the contrary Edleston's statements. Lideed what was sent 
to Tschimhaus at that time, being altogether fourteen folio leaves, (Edleston, 
I.e.) it would be difficult to suppose that this was sent to Paris, but not difficult to 
conceive that it was sent to Tschimhaus, while he was in London. Tschimhaus 
received them in London and retumed with them to Paris. Gerhardt states (ibidem, 
Vol. v., page 421) that Leibnitz's mathematical manuscripts of the year 1676 prove 
the intimacy of Leibnitz and Tschimhaus : *' on the same leaf (says Gerhardt) we find 
" the pen and handwriting of Tschimhaus, together with the pen and handwriting 
•« of Leibnitz." 

Tschimhaus's answer to CoUins's paper is quoted in the Commercium Epistolicum 
as received June 8, 1676. Collins, in the " Extracts from Mr. Gregory's Letters," says, 
that Tschimhaus was ** here a quarter of a year in the summer of 1676." (I am in- 
debted to the kindness of Mr. Edleston for Uiis memorandum made by him when he 
examined the papers at the Royal Society.) 
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ante Uteras efua {Leibnitit) 21 Jumij 1677, hoc est Anno integro post' 
quean D, Newtoni JEpistolctj 10 Decembrisj 1672, aortpta Pariaioa tpsi 
communtcanda transmissa Juit^ while in another edition which appeared 
after Leibnitz's death the remark was also found in a second more 
conspicuous (?) place in the (Jommercium Epiat, (on the occasion of 
the printing of this letter, Miasum fait apographwn hujua EpietoUB ad 
LeOmitium menee Junio^ 1676). This is an unheard-of thing I exdaims 
De Morgan. 

This Prof. De Morgan could fairly do, as long as it was assumed, 
while he made this great discovery (Philos. Magazine, June, 1848) 
that Leibnitz had not seen the letter of 10th December, 1672 ; for then 
it was felt that Leibnitz's mlence proved more against him, if the 
statement of the fact appeared twice in the Commercium Epistolicum 
than if it was only once there. But since 1849, now that we can no 
longer doubt that Leibnitz received the entire letter from Tschimhaus, 
and the reference to the same from Oldenburg, this discovery of a 
variation in the statement about it, by which Prof. De Morgan has 
become celebrated, obviously loses all that immense importance which 
it may ever have had. 

But instead of now giving up his attempt of proving a case against 
Newton, Prof. De Morgan asseverates yet more strongly (in the 
Companion to the British Almanac of 1852) that it is dear from 
Grerhardt, that it was not the letter of 10th December, 1672, but an 
abstract of the same, that was sent to Leibnitz direct, while the whole 
letter was sent to Tschimhaus, and that hence the deceltfid design 
of Newton and of the Committee was manifest. 

Prof. De Morgan here perverts the case entirely. There is indeed 
an error in the Comm. Epiat There were in fact at the time of 
the Comm. Epiat.^ 1712, on the shelves of the Society, two rolls 
of CoUins's bound together, one with the heading, Extracta from 
Mr. Qregorifa Letters^ to be lent Mr. Leibnitz to peruae^ who is deaired 
to return the aame to youj (in which was contained the whole letter 
of 10th December, 1672), and another in which this letter was found 

F2 



36 THE INVENTION OF THE DIFFERENTIAL CAI^CULUS. 

only in abstract, as Gkrhardt gives it, this also having been inscribed 
by Collins, To Leibnitz^ 14 June^ 1676, abatU Mr. Gre^mfs remains ; 
and the Committee, as well as Newton, assumed erroneously that the 
first roll had been sent to Leibnitz, instead of the second. But into 
this error Newton fell even in the lifetime of Leibnitz, because already 
in the first edition of the Gomm, I^n$t. it was registered that the first 
named collection was to be lent to Leibnitz; the smaller collection, 
which gave this letter only in abstract, was not referred to at all. 
Therefore Leibnitz's death has nothing at all to do with the matter, 
and that which was said before Leibnitz's face may have been mis- 
stated through error, but cannot have been misstated with a deceitful 
intention. '^ Something can he allowed for Aifrry," says Prof. De 
Morgan himself, ^^for the Committee teas appointed in parcels on March 
^^ Qthy 20tA, 27th, and April llth, and their report toas read as early as 
" April Uthr 

So important is and has always appeared the question, whether 
Leibnitz read the letter of 10th December, 1672, that in order to 
excuse the silence of Leibnitz, Prof. De Morgan only a short time 
before Gerhardt's discovery, and so also Biot in the Journal des 
Savants foUowing strictly De Morgan, made a great stir, because the 
affirmation that Leibnitz had seen the letter, came only once in that 
edition which appeared in Leibnitz's lifetime, and not twice, as in the 
second edition. Moreover we see even now Prof. De Morgan catching 
at a straw, and saying, that it was only an abstract, not the whole, of 
the letter that had been communicated to Leibnitz. 

But now that since the year 1849, through the investigations of 
Gerhardt and Edleston, this whole matter is seen in a pretty dear 
light — Leibnitz having been so intimate with Tschimhaus, that they 
worked on the same paper, and the whole letter having been sent to 
Tschimhaus, and an abstract to Leibnitz, Leibnitz's advocates turn 
round, and say, after aU the strife they themselves raised upon the 
subject before 1849, that it is of no consequence whether Leibnitz did 
read this letter of Newton's on tangents — ^^ a sheet of blank paper, after 
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^^ what Sluse had published^ would have done just as well aa the abridgment 
^^ or the whole^'* sajB Plrof. De Morgan at the end of his essay of 1852. 

The reader will smile at here seeing, that the same Prof. De Morgan 
would first have us connder the fact as so important, that an increase 
of reputation might be gained by it, and secondly so miimportanti 
^^Only one {documenij ie undatedj and this is that an which the whole 
^^tunwj* said Ftof. De Morgan in 1848; and in 1852 he exclaims, 
^ a sheet of blank paper would have done aa weU^ It is impossible to 
contradict one's self more glaringly. 

But let us quit Prof. De Morgan, and cast a look backwards. It 
cannot have escaped observation, that we have hidierto not employed 
the word Jluxions. It will be asked why. The answer is because 
Newton in his Compendium on the Calculus in 1669 has not once 
used this word. Also those supporters of Leibnitz are therefore mis- 
taken, who sometimes introduce him as the discoverer of the Differential 
Calculus, and Newton as the discoverer of something else which they 
prefer to caU ^^ Fhixional^^ calculation; (as in Gerhardt's Tracts we 
find two separate chapters under the headings. Discovery of the 
^^Fluxional'' calculus by Newton, and discovery of the higher analysis 
by Leibnitz). The thing which the second comer did or did not 
discover, is not different {torn that which the first comer discovered. 
Newton gives (see above pages 21, 24) in his Compendium 1669 the 
rules of the calculation : Begula 1 ; Si 

5 ., an ^ 

ax =y/ en< -^- — x ^area: 

he works this out in all examples, and says (under the heading: 
Applicatio praedictarwn ad rdiqua hujuemodi problemata) : Jam gua 
ratione auperficiea ex memento auo perpetim dato per praecedefUes regulaa 
eliciturj eadem quaeUbet alia quantity ex mamento suo sic dato elicietur. 
Exemplo res fiet clarior. Then follow the examples under the head- 
ing, Longitudines curvarum invenire^ among whicii we have the small 
(afterwards so caUed, Differential) triangle (see the figure above, page 22), 
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then we have in general the title, Invenire prwdictorum converaum. The 



an *— 



first proposition, Si aa^ =y y erii — — x * ^area^z^ is at last proved (at 



n «^ 



the end of the whole Treatise), where we read, Si — — ax"^ ^ area == «, erit 
(we have Newton's proof, the same as is now given, eflfected by giving the 

increment o\jqx and then putting o ~ zero), erit ox* =y. Then Newton 

- . n ^=^ 
says, qwxre e contra si aa^ sy, erit oo; * =si?. In thiB Newtonian 

discoveiy of the Differential Galculns, which is contained in the Com- 
pendiom, the word^u^re does not occur. 

It is in 1676 that Newton, in his letter of the 24th October to Leibnitz, 
in the passage which was not legible for the latter, data €Bg[uaii(me quot^ 
cunqut fluentea quantitatea tnvolvente fluxionea invenire et vice verad^ first 
uses the word fluere^ in order to indicate succinctly the whole method 
of calculation employed in the Compendium. 



CHAPTER IV, 



BIOTS JUDGMENT ON THE DISCOVERY OF THE DIFFERENTIAL 

CALCULXT8. 

M. Biot, as is well known, has expressed himself very specifically 
on these questions in the Journal des SavantSj and 1856| in the new 
edition published by him and Lefort of the Cornmercium eptstolicum. 
We are sorry to find that M. Biot everywhere quite echoes the words 
of Prof. De Morgan, which can only be explained by supposing, either 
that M. Biot purposely refuses to see how the thing stands, or that 
holding fast by the customary differential form and style of writing 
of the present day, he is unable to throw himself back into the past. 
It is an extraordinary thing, that Wallis is not mentioned in that part 
of the Cornmercium JSpistoUcum in which M. Biot and M. Lefort g^ve 
the names of those, '^ whose labours paved the way for the discovery 
^^ of the infinitesimal Analysis [^^ dont les travaux ont pr6par6 Vinvention 
^^ de Vancdyae infiniUsimale'^. 

^^ On a^Stannera peut itre^ says M. Biot or his co-labourer M. Lefort, 
^^page 254, de ne rencontrer ni Wallis ni Huyghefns. dependant 
^^ WaUia et Huyghena ne m/e paraiaeent avoir aucun droit direct de patemitS 
^^aur lea nouveaux calcula^ qu^ila ont toua deux miconnua^ le premier plua 
^^ encore peut itre que le aeoond. [The reader will perhaps be astonished, 
^'says M. Lefort, or M. Biot, page 254, at not meeting with either 
^^ Wallis or Huyghens. But Wallis and Huyghens do not appear to 
"me to have any direct paternal right in the new calculations, which 
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^^ they have, both of them, misappreciated, the first perhaps even more 
''so than the second."] 

Thus we see that WaUis is made of so little conseqaenoe, that 
while persons remotely interested in the matter are named, sach as 
Format, Cayalleri, Hudde, Sluse, and while these and even Descartes 
and Bicci are quoted from, in order to ^ve specimens from those 
whose iraiiavx ant prSparS Vinventian au dix-aqptthne s&dey Wallis 
is not even admitted. 

We on our side affirm that it is, above all, the works and the 
labours of Wallis, that the whole Cammerdum Epiatoltcum and Newton's 
letters to Leibnitz, as well as Leibnitz's letters, always presuppose and 
refer to. This Messrs. Biot and Lefort ought not to have overlooked, 
were it only for the Becensio. Therem Newton says: Per injtnitas 
aeqtuUtonea intelliffuntur tUaej quae involvunt Senem terminorum con- 
vergenHum et ad veritatem propius propiueque accedentium in infinitum ; 
ita ut postremo a veritate distent minus uUa data quantitate; et^ ai in 
infinitum continuentur^ nullam omnino differentiam relinquant, 

WaMisiua in Opere euo ArithmeticOj publicato A.D. 1657, C!ap. 33. 

A 
Prop. 68. reduxit fra^icnem ^ per perpetuam Divisionem in seriem 

A + AM -^ AIP -{- AJS^ -^^ AB^ + etc. 

Vicecomes Brounker quadravit Hj/perbolam per hane eeriem 

1 1 1 1 

1 X 2 ■*■ 3 X 4 "^ 6 X 6 "^ 7 X 8 "*" ^' 

hoc est per hanc 1 — ^ + ^ — ^ + ^ — ^ + 1 — 4 + «fc- coryungendo singidos 
binos Terminos in unum. Et haec QuadrcUura publicaia est in Actis 
Begiae Sodetatis^ mense Aprili 1668. 

Paulo post Dominus MerccOor evulgamt Demonstratumem hujus Quad-' 
raturae per Divisionem Domini WaUisii; et deinceps haud multo post 
Jacobus Oregorius Qeometricam yusdem Demonstrationem in lucem edidit. 
And ftirther [ibidem) : [Newtoni compendium 1669] — continet praedictam 
generalem Methodum Analyseos^ monstrantem quomodo resolvendae sunt 
finitae Aequationes in infinitas ; utque per Methodum Momentorum appUr 
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tomdtxe sunt AequoHanes tarn Jinitae quam infinttae ad omnium proble- 
matum 'solutionem. Incijfit veroj ubi finem ficit WdlltsiuSy et melhodum 
Quadraturarum super tree Regvlas atrtttt. 

Wallisiua Anno 1655, Arttkmeiicam suam Infinitorwm in lucem dedit / 
per CUJU8 libri Propositionem LIX, si Abscissa cujvsvis Curvilinearis 
figwroA vocetur X, et n atque m sint Numeric et Ordinatae ad rectos 

amguloB erectae sint X " / Area Jlffurae erit X * . Atque hoc 

assumitur a D, Newtono^ tanquam prima Regula^ super quam fundai 
suam cwrvarum Quadraturam, Wallisius autem prcpositionem hanc de- 
mcnstravit gradcUim^ per muUas particulares propositiones ; tandemque 
omnes in unam coHegit per Tdbulam Casuum, Newtonus vero omnes 
casus in unum reduxitj per Dignitatem cum indefinito Indice: et sub 
eatremo Compendiij semel simulque demonstravit per Methodum suam 
Momentorum; primusque indefinites dignitatum Indices in OperaHones 
Analyseos introduxit, 

Ceterum per 108 I^opositionem Arithmeticae Infinitorum Wallisii^ 
pefrque plures alias propositiones quae sequuntur; Si ordinata com- 
posita fuerit ex duabus vd plwribus ordinatis cum signis suis + 6^ -* 
acceptis; Area composita erit ex duabus vel pluribus areis cum signis 
suis + et ^ acceptis respective. Atque hoc a D. Newtono assumiturj 
tamquam BegtUa secunda^ super quam instituit suam Quadraturarum 
methodum. 

Hence we see that it is not by mere accident, like almost all 
those whom Biot and Lefort mention as being important, but much 
more directly, that Wallis comes into the question, if we look back 
at the position of this branch of knowledge immediately before the 
discovery, as Messrs. Biot and Lefort wish to do, at least as they 
tell us. 

In the next place it becomes very dear from the commencement 
of Leibnitz's letter to Newton of the 27th August, 1676, that the 
Wallisian simple beginnings of quadratures, (Wallis's method, we might 
say, of integration) are the foundation of the correspondence between 

G 
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Leibnitz and Newton. For after the exposition of Leibnitz's method 
of transmutation, which then appeared to him a correct one, Leibnitz 
says, Unde ad quadrcUuraa absoluiaSj vd hypoiheticas CfeometriccUy vd 
aerie in^nitd eacpressaa Arithmeticaa jamjam muUis media potest perveniri. 
What other are these methods of quadrature, which are nowhere de- 
scribed, and which are therefore assumed as known, but those of Wallis? 
Indeed Leibnitz immediately after says downright j^oni^ fi infinite parvdj 
an expression and an idea which Wallis has, and if any one will not 
admit that Leibnitz took this out of Wallis, it would be for that yezy 
reason more necessary for him to mention at least that Wallis has 
also this expression. 

In the second letter to Leibnitz, Newton again says expressly that 
it was through the interpolation problem, which Wallis had instituted, 
that he himself had been led to his new invented method. Here Newton 
continues speaking to Leibnitz of these opera of Wallis's for many 
pages together, and takes it for granted that they are known to Leibnitz, 
and speaks of them as the foundation of the process for effecting the 
quadrature. Finally Leibnitz, to name him too once more, begins 
his letter to Newton of the 21st June, 1677, with the words, Effreffie 
placetj quod descripsit qua via in nonnuUa sua degantia Theoremata tn- 
dderit {Newtonu8)j et quce de Walliaiania interpolationibua kabetj vel ideb 
placent^ quia hac 'ratione obtinetur harum interpolationum demonstration 
cum res ea antea (quod sdam) sola inductione niteretur. It is obvious 
that the inductions and the quadratures of Wallis are everywhere pre- 
supposed by Newton as well as by Leibnitz as a foundation. 

Messrs. Biot and Lefort, who name and quote from Format, Cavalleri, 
Hudde, Sluse, and even fi*om Ricci and Descartes, as aiUeurs qui oni 
prepart V invention au dia>-s€ptihne si^le make thus no mention of 
Wallis, and the grounds on which they justify themselves are, that 
" Wallis et Huyghens^ oni le premier plus encore que le second^ mSconnu 
^^ ces nouveaux calculs [Wallis and Huyghens have misappreciatedj 
^^ihe first even more than the second^ the new calculations^'* This is 
doubly incorrect. Even if it is substantiated, that Huyghens, after the 
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discoveiy had been made, did not immediately understand it, or that 
he did not acknowledge it, yet he ought not on account of this ex post 
Jacto behaviour of his after the discovery of the Differential Calculus 
to be excluded, but for another reason, namely, because he had not 
before taught anything that in the main or somewhat nearly resembled 
the Differential Calculus. Descartes and Format also misappreciated 
the Differential Calculus, that is, they did not understand it at all, 
because they were not at all acquainted with it, and yet these writers 
are quoted from. The question, does not turn upon what an author 
said after the discovery, but upon what he said beforehand that was 
like it. But further, though it be true of Huyghens, that he was 
not favorably disposed to the Differential Calculus, (though this is not 
the ground on which he should be excluded,) yet the fact does not 
stand thus with Wallis, because it was he himself in 1693, who in 
his treatise de Algebra highly extolled the calculus invented by Newton, 
and published it before Newton himself. 

The justice of Wallis's title is, we hope, distinctly clear to the 
reader, because we have given in Chap. II. Wallis's quadratures by 
integrations and summations in the simple cases which he could 
master (of the others he said honestly hie haeret aqua, thereby ex- 
citing and forcing Newton). 

We can admit that Biot, amidst his present multifarious occu- 
pations, is not answerable for the book which appeared in 1856 under 
his name and the name of the real author M. Lefort, this Biot tells 
us in the Preface: ^^Vexicutian appartient taut entihre h Mr. Lefort; 
^^et il 8^ eat acquttti de cette tdche — avec une puissance de travail^ que 
^^je suis Aeureux de reconnaUrej mats qu^tl m^aurait itS impossible d^y 
^^apporter, [The execution belongs entirely to M. Lefort, and he has 
" acquitted himself of this task with a diligence, which I am thankftil 
^^to acknowledge, but which it would have been impossible for me to 
"have exercised."] 

But M. Biot himself in the Journal des Savants for 1832, forgets 
the claims of Wallis ; his words are (page 267, line 2) : "2a premihre 

2 
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'^ leUre de Newton a Leibnitz contient les rSsuliaie de Newton sur lea 
^^sMeSy notamment la Jbrmule du htnome^ le tout eana aueune diaumr 
^^stration ni tndicatton de metkode qudconque^ diaant seuUment^ gu^tl 
^^en po88^ une h Vatde de laqtielle ces siries Stant donnSes^ t'Z peut 
^^obtenir lea quadraturea dea courbea dont ellea dSrivent, [The first 
^Metter of Newton to Leibnitz contains the results arrived at by 
'^ Newton in reference to series, particularly to the binomial theorem^ 
^'the whole without any demonstration or indication of a method, 
'^ saying only that he is in possession of one by which these series 
^' being given, he can obtain the quadratures of the curves from which 
" they are derived."] This is not correct. The parts of Newton's 
method there in question are not only, I. the reduction of complicated 
equations to series of the powers of x which he openly commu- 
nicated, and II. a method which he concealed of effecting the Quadra- 
ture of these series, for the Quadrature of equations reduced to umple 
powers was a thing understood of itself, and that could not be kept 
back, because Wallis had long ago given this in his works, which 
were well known to everybody. 

So it happens that Biot, because the method of tangents of Bar^ 
row and Newton does also not seem important to him, inasmuch as 
Descartes and Fermat, had had another, comes to this perverse con- 
clusion in reference to the whole matter, that we must assume ^^traia 
^^phaaea de V invention Men marqtiSea: 1° emploi dea Svanouiaaana comme 
" miihode aux fonctiona rcUumeHea^ ced appartient apScicUement h Fermat; 
^'2*" eoctenaion aux fonctiona irrationnellea par le dSvelappement en aSrie^ 
^^ aurtout au moyen du tkiorhne du hin&me^ voilh la part apSeiale de 
'^Newton; 3° riduction de cet artifice particvlier en mSthode ginirale 
^^de calculj voilh Leibnitz^ [three well-marked phases of the inven- 
^'tion, 1. the employment of vanishing quantities as a method for 
"rational functions, this belonging especially to Fermat; 2. the ez- 
" tension of this to irrational functions by development in the form 
" of a series, especially by means of the binomial theorem ; this being 
''the special part of Newton; 3. the reduction of this particular 
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^^ artifice to a general method of calculation, in which lies Leibnitz's 
" invention."] 

Thus Newton is made to have discovered only une part spicieJh 
and un artifice particulterj [a special part and a particular artifice], 
but Leibnitz une miikode gSnSrale^ a general method ; in other words, 
Biot will allow Newton only the dSveloppemefU en sirie^ and not the 
general calculation daid cBquatione^ guotcunque fltbentes quantitatea in- 
volvenie^ fiuxiones invenire et vice versa. We see that Newton is 
taken into high company and must content himself, according to the 
judgment of M. Biot, with only that modest place which Fermat and 
Leibnitz just leave between them. 

This judgment of Biot's however is quite unsound, because Fermat 
hardly deserves to be named at all, and secondly, because Newton's 
Compendium, the Analysis of 1669, contains not only the dSvUappc" 
ment en sSrie but also the mSthode gSnhale^ which consequently is 
not in any way left for Leibnitz, if we leave out of consideration 
that he was perhaps not acquainted with Newton's discovery. 

Lideed, if Biot had said only that Newton's discovery of a general 
method was not to be taken into consideration, because Leibnitz had 
not seen it, then the question would turn upon this, whether the 
communication of the method of tangents, and whatever else Newton 
communicated to Leibnitz, was or was not sufficient to deprive Leibnitz 
of the honour of the discovery. But M. Biot not only says that nothing 
whatever but the method of series was communicated to Leibnitz, but 
he says that Newton had also discovered nothing else, which is tan- 
tamount to saying, that Newton in his letter to Leibnitz concealed 
nothing, and did not write his anagram, data asquatione, etc. 

The ground of the exclusion of Wallis and of the higher eulo- 
gium of Leibnitz, lies evidently in the design oi making Format a 
oo-disooverer of the Differential Calculus. It is necessary to throw 
dust in people's eyes, in order to make this long ridiculed crotchet 
of the French wear agiun for a moment a serious appearance. It has 
been ridiculed, I repeat it, not only in England, but also always 
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in GrermaDj ! Bat evidently this was Biotas design ; with this 
view he pronounces an unfair judgment against Newton, and with 
this view he and Lefort publish a comic edition of the Commercium 
Epiat, with a French sauce ; M. Biot sees that the strife between Eng* 
land and Germany is being renewed ; ^^ therefore we in France must 
'^ put in our word'', said M. Lefort to M. Biot, or said M. Biot to 
M. Lefort, and so they got up an edition with clever addenda, in order 
to thrust in Format in an unsuspicious manner. Biot gave the capital 
of his reputation, and Lefort the capital of his labour for this joint-stock 
concern, in which the little various readings of the first and second 
editions of the Commerc. Epist. are taken advantage of, in order to have 
an excuse to set aside Wallis* and to push in Descartes and Format. 

* The excuse an $'etonnera petU eire d» ne voir ni Wallia ni Huyghens, qui 
ont Urns deux meconnu le$ nauveaux ealcuU is characteristic of the whole book. 
The idea, which this phrase is designed to convey, is that Huyghens (who was 
certainly not a Frenchman, but who— having lived in Paris and having been received 
into the Aeademie dee Sciences at the time of its foundation — in order that it might 
not be composed of only minor celebrities— has been ever since looked upon by 
the French as a fellow-countryman,) might appear in the same degree as Wallis, 
an Englishman, to have prepared the way for the discovery which was then im- 
pending, and that the omission of the one in Biot and Lefort's book balances that 
of the other. Even connoisseurs, if they do not keep a strict watch over their 
memories, are liable to be lulled asleep by these smooth phrases, especially because 
Huyghens was so very celebrated on other accounts. If the reader does not 
allow the phrase to domineer over his consciousness, then he thinks that the less 
important Huyghens was left out in order to justify the omission of Wallis. At 
the third stage of reflection one gets hold of the idea, that Huyghens never came 
under consideration, not even in Biot and Lefort's idea, and that he is only empha- 
tically named here ; so then one perceives that to be the best interpretation which 
credits the author of these lines with the greatest share of French ingenuity; for 
although Fermat and Descartes are thrust in, yet because the date of their dis- 
coveries is so very remote, it might annoy a Frenchman to find all more modem 
countrymen of theirs, (Members (!) of the Parisian " Academic des Sciences", which 
had been in existence since 1666,) not even mentioned by name in Messrs. Biot 
and Lefort's Book;— on this account they here at least introduce Huyghens, who 
was celebrated on other accounts, and who lived in Paris. Thus we kill two birds 
with one stone ; we get rid of Wallis and have mentioned Huyghens. 
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Biotas concliuioii is therefore false, and the case remains thus, that 
Ifewton's invention and Leibnitz^s are the same, and that Newton 
made the invention earlier than Leibnitz. The celebrated Frenchman 
Montucla, who weighs more in the scale of historical mathematics than 
any Frenchman, says, after having discussed all the facts in detail, 
(page 109, vol. 1], ^^ il est temps de rums risumerj et d^abord on ne petit 
^^ doiUeTj que Newton ne soit Is premier inventeur des calculs dont il 
" s^agitj les preuves en sont plus daires que le jour^'* [" It is time we 
^ should sum up, and in the first place it cannot be doubted that Newton 
'^was the first discoverer of the Calculus in question; the proofs of 
"this are clearer than da7light'\] Why does not M. Biot cite this 
French writer? 

We believe, however, that we have proved, not only that Newton 
was the first discoverer, but also that Leibnitz, inasmuch as Newton's 
method of tangents was known to him, had no right in his letter of 
1677, to write arhUror quce cdare voluit Newtanus de Tangentibus 
ducendis a meis non abludere^ but that he ought to have written, quoe 
cdare voluit Newtcnus mthi nota sunt^ nam literas efus lOmi Decemiris 
1672 inspexi. This is the verdict which those who in 1712 edited the 
Commercium Epistolicum annexed to their edition, a verdict which 
at the time when it was given was doubtful, because it was new, and 
because Leibnitz was in possession of the honour of the invention, 
which grew still more doubtful, as the notation of Leibnitz {dx and 
fdx) became general, whereby the di£Sculty of understanding the ques- 
tion was increased, but which now since the fact of Leibnitz's having 
read with Newton's open communications, also Newton's letter upon 
Tangents, has been recentiy since 1849 established, has become in 
the eye of impartial readers a safe verdict. 



CHAPTER V. 



A NEW FEATURE IN THE QUESTION. 

We have shewn that Leibnitz's merits, owing to his having seen 
Newton's letter of 1672, which he professed to be ignorant of, were 
smaller than he claimed, inasmuch as Newton's method of tangents 
together with his and Barrow's demonstration of the same, make up 
that which is called the '^ independent" discovery of Leibnitz. But we 
regret to say, that the matter perhaps does not end here. For we are 
alarmed at hearing Gerhardt naively tell us, that he has upon his table 
a manuscript, which he got out of the Hanoverian library, in Leibnitz's 
handwriting, mthout date, and headed, Eccerpta ex tractcthi Newtont 
Manuscripto de analyst per cequationes numero termmorum infinitas. 
What are we to think of this ? And still worse, Gerhardt adds hereto 
that in his opinion Leibnitz cannot have seen these extracts from 
Newton's compendium between 1672 and 1674. So he forgets alto- 
gether that Leibnitz ought never to have seen this paper at all, if 
a tittle of his reputation is to remdn with him. 

If we do not deceive ourselves this is Gerhardt's meaning,* that 
because in Leibnitz's extract we find the sign [/y], as the now so 
well-known mark of integration, while however the differential sign 
[dy] is not found, (for of the latter Gerhardt makes no mention,) 



* We give Gerhardt's words as the first Addendum. 
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therefore Leibnits may or must have made these extracts certainly 
not before 1674, but before 1677 (in 1675-76). 

The French also, with their usual acuteness, have so understood 
the matter. For Biot and Lefort say at the end of their edition of 
the Commercium Epiaiolicum^ (P&S® ^^^) ^' -^ est possible que ces extraits 
^^ (de Leibnitz) atent SiS pris sur le manuscript de Collins j pendant Is 
^^ sifour [de Leibnitz) d\ne semaine h Londres en Octobre 1676 ; mais 
^^ leur contexture ne permet pas de douUr qu^au moment de la trans^ 
^^ cription Leibnitz ne fdLt en possession des iUments du calcul integral, 
^^ [Possibly these extracts of Leibnitz were taken from the manuscript 
^^ of Collins, during the week's stay that he (Leibnitz) made in London 
^^in October, 1676; but their context does not leave us room to 
^^ doubt, that at the moment he transcribed them, Lebnitz was in 
^' possession of the elements of the integral calculus."] 

Mark that the word integral calculus, and not the word differen- 
tial calculus, is used here. 

In this very delicate question a word is of consequence, and 
M. Lefort knew right well that the most natural word was differen- 
tial calculus; as Gerhardt knew, that if by the side of the sign [/y], 
he could have found the sign dy^ this ought also to have been mentioned 
with the other. We may therefore Venturis to say that Grerhardt and 
the French editors intimate, that Leibnitz indeed made these ex- 
tracts, after his discovery of the Integral Calculus^ but yet before his 
discovery of the Differential Calculus, 

* They imagine that Leibnits diBCOvered the integral calculus, when they find 
him put down the sign fy. In truth expressions, such as in Gerhardt (page 68, 
tract of 1855,) omne l^omn. amn. /., and the substituted S pro omni, are nothing 
more than those we meet with in Wallis and De St. Vincent, ducttts piani in planum 
{quod appeUat Hie Vme^ntius) plant in planum duetum in meo ( Wallis) tracUUu 
dieitur ductus reetarum omnium unius plani in attmius rsctas, (Preface to the 
Arith. infinit.) The idea that a surface = omn, y is indeed the entire import of 
the Wallisian summations, in order thereby to measure the sur&ce. Hence Wallis or 
eyen Cavalleri is the discoverer of the integral calculus, as far as thitTcan be recognized 
without the accompaniment of a Differential Calculus. In his Mathesis, or Arithm, 

H 
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How is this possible? 

We must here saj something of the relations of Leibnite to CollinS| 
or more correctly spealdng, to Oldenburg. The Bojal Society in Lon- 
don had committed the oversight of employing as their secretary, not 
an Englishman, but a German named Heinrich Oldenburg. This im- 
prudence could not but soon have its consequence, and this consequence 
in particular, that when once the right man came, the interest of Eng- 
land was more or less sacrificed to a German friendship. We say here 
nothing against Oldenburg, for he knew not what he did, and Leibnitz 
did but take advantage of this situation. There soon arises a friend- 
ship between them. We lack the first letters directed to Oldenburg. 
Leibnitz, supported by his patron, the Baron of Boineburg, whom 
Oldenburg had long been acquunted with, must have known how to 
hit the proper tone ; for so early as 5th August, 1671, Oldenburg writes 
to him,* while committing letters for Gkrmany to a noble friend of 
his : dtmiUere harum gerulum nobiltsaimum nan potui^ quin Te salur 
taremj simul et Jldem Jacerem^ me reliqtia quae de me exspectasj quam 
primum fieri id poteritj canfecturum. Caeterum cum eximius Helman^ 
fiW, aJUctu mihi conjunctiasimusj jprcpediem ad nos ait rever8uru8j poteria 
si placet^ ipsi tuto oommiUere^ quaecunque farsan mihi acribenda vd 
oommunicanda occurrerint What are these reliqua qucB de me exapectaa f 
and what could Leibnitz have to say to Oldenburg, for which it ap- 



%tnivenaUa of 1657, Wollis puts down for such additions of progressions termmorum 
namna vel aggregatum « S. See Opera, edition of 1699, TVm. I. page 140. Leibnitz 
may now and then have belieTed that he had made a discovery by speaking of 
omn. omnl. and S pro omni, but he must soon hare perceiTed the contrary, be- 
cause he does not again speak of his sign S pro omni, that is, of his and other 
people's idea of summing series either in one of his letters to Newton of these 
dates or anywhere else. To add to Wallis's ideas of summation the differen- 
tial calculus, that was the discovery. The sign [Jy] therefore means nothing if 
the sign [dy] and the idea which can be laid into this latter sign, and in others of 
its kind, is not found. 

* We of course quote everywhere from Gerhardtft Edition of the Letters. 
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peared expedient to name HelmontioA 9$ his firiend, to whom anythiDg 
could be commiimcftted by word of month or bj letter so secorely. 
Leibnitz, like many young men of his age, was over-desirous of acquiring 
a great reputation, and the Secretary being a German was to assist 
him. This was the barg^ain that was soon and perhaps almost naively 
struck between them. Thus at once in the letter of the 12th June, 
1671, we see the Secretary so interested in the ^'circulation" of a 
Leibnitzian paper, that he has it printed. Cceterum^ vir ampUasime^ 
morem gessi cksiderto tuoy et pro eommodiore dtatribtUiane Boriptwoi tuum 
hie recudendum tradidi. (Gerh. page 22.) 

That Oldenburg in 1671 did not yet believe that Leibnitz was 
already a great man is proved by his words in the letter of December, 
1670. (GterL page 16) : Finem hio Jhoerem niai ad Epistolae tuae calcem 
de Motus perpetui proawramdi raiiane perquam JucUij a Te inventOj nonr 
nulla innuere$.,.. AU Te rei demonsiraHanem expediviase — FacUe^ putOj 
eredes^ me in Anglia peregrinum^ sine palpo et aseentatione de Anglie 
pranuntiaturum. Sunt inter eoa mri compluresy subacto in rebus Ifathe^ 
maticis et Mechanids judido praepoUentes^ quorum de invento isto tuo 
sententiam ut ezquiras^ prius quam id evtdgesj g'usve Actarem te scrv" 
has^ omnino et amice suaserim, 8i consilium cdlubescatj meque hoc in 
re parario opus fuerit^ provinciam non detrecto^ omnemque quae virum 
bonum decet candorem spondee. How delicately Oldenburg here labours 
to avert the danger of his friend falling into ridicule, and oiSers him- 
self as a parariusy or agent, whom, as not being an Englishman^ 
Leibnitz can trust. But Oldenburg was appointed by the EngUsh^ 
in order that he might protect the honour of the English, and 
not that he might be the agent of a foreigner, and give him clan- 
destine support. 

Leibnitz followed the advice of Oldenburg, and escaped the ridicule 
of introducing himself as the discoverer of the impossible perpetuum 
mobUe; but when he came to London in 1672 he had the lighter 
misfortune of twice giving out as his own invention what was already 
to be seen in print. We refer to the well known anecdote, that Leibnitz 

H2 
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in a partj at the house of Boyle, ventured to say that he had dis- 
covered a certain method for employing the subtractions of square 
roots, whereupon Dr. Pell cited to him Mouton, in whose works this 
was to be read. Oldenburg contrived a defence for Leibnits, in which the 
latter at last added, (Gerhardt, page 31) that he had something else, 
namely, a method {methodum habeo) of summing fractional series [sumr 
mam inveniendi seriei Jractianum in infinitum decrescentium^ quorum 
numerator unitciSj nominatores vero numeri triangulares aui pyramidalea 
out triangulch-triangularea). We cannot help saying that the next 
passage in the correspondence, excites a suspicion that Leibnitz here 
commits a plagiarism, in the close of that veiy representation, by 
which he defends himself from the suspicion of another plagiarism. 
For it can scarcely be supposed that Leibnitz was not acquainted 
with the book of Mengolus, published in Germany, (and at Bonn,) 
in which these summations are given; the fame of which work had 
penetrated as far as England; and Leibnitz's words, when he was 
taunted with this plagiarism: cum nondum mihi inquirendi in Mengo- 
lum otium fuerit^ (p^g^ ^6) ^^ <^''^ Mengoli liber non sit ad manuSj 
page 48, do not even contain a downright affirmation, that he was 
not acquainted with it. Oldenburg here again contrives his defence, 
find as Leibnitz had now quite become his pet and favourite, he exerted 
himself for his fame more than for his own, (very naturally, for Oldenburg 
himself could certainly not pretend to be a great mathematician, it 
was difficult enough to get his countryman and friend into reputation) 
and so we see with astonishment the endeavours of the two friends quickly 
crowned in the access of the young man to the honour of becoming a 
member of the Boyal Society. The unusual request, which Leibnitz 
bad addressed to the Boyal Society, was couched in the terms that 
had been agreed upon between him and Oldenburg, (voti coram Te 
expositij page dS); and so this weighty transaction was concluded 
just as they had wished, and Oldenburg was further to promise, by 
word of mouth, that Leibnitz would make every exertion in order 
that the Sociaty might never repent of having compUed with his truest 
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So It was by Oldenburg's exertions that Leibnitz had been received 
into the Society, without, at the time of his reception, having been 
preeminently qualified by his merit. This Leibnitz himself allows and 
admits when he says (see Gerhardt's Tract of 1848, pages 29 and 

30, line 2; cum Parisios appiUiasem anno Chriati 1672 eram 

in auperbd pens dixerim Matheseos ignorantia^ and in Desmaiseauz, 
(Becueil IL, pages 5, 114) ^^au premier voyage en Angleterre^ je n'^avoia 
^^paa encore la moindre covmaiasance de la Oiomitrie avancSe; [on my 
'^ first journey to England I did not yet know anything of advanced 
" Geometry.'^ 

We see that it was not In the few months that he stayed in Paris, 
before his first journey to London, 1672, but afterwards, that Leibnitz 
learned what was necessary. Li order, nevertheless, that he might 
contuDiue to play the part of a great man which he had begun to play in 
1672, we see him in London and after his return from London come 
always upon the stage as a discoverer. Even Guhrauer, the professed 
biographer of Leibnitz, is not fascinated with this trait in his hero's 
character, and says In one case (Vol. 1, page 329), ^'one cannot help 
^^ placing the universal Characteristic, or the Philosophical Calculus, 
^^ which Leibnitz was in search of and attempted to discover, on a 
'^ level with the finding of the philosopher's stone, and the manu- 
^^ facture of gold. And with regard, so continues Guhrauer, to another 
^^but purely mathematical project of Leibnitz's, the analysis situs, 
''Kant, whom no reputation (Guhrauer throws this in) could dazzle, 
''leaves it an open question, whether the cause of its non-completion, 
" was that Leibnitz thought his attempts as yet too imperfect, or ^at 
"the case was with him as it has been, according to Boerhaave, with 
"several great chemists, who gave themselves out to be possessed of 
"secrets, when they had really nothing but a persuasion and a con- 
"viction of their capacity for acquiring such; and thought that they 
"could not possibly fail in the execution, if they would once choose 
"and attempt it; at all events it appears as if the mathematical 
"discipline, to which Leibnitz gave by anticipation the title of Anep' 
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^ lysis situs J and of which Boffon has bewailed the loss, had never 
^been anything but a chimera/' Man kann nicht umhiny ^^die allge- 
^meine Gharacteristik, oder den philosophischen Calcnl, (den Leibnitz 
^^suchte nnd ertinden woUte), mit dem Steine der Weisen and der 
^^ GU>ldbereitung auf eine Linie zu stellen ; bei einem andren, aber rein 
^* mathematischen Entwurfe Leibnitzen's der analysis situsj Ifisst ELant, 
^welchen kein Name blendete, [sagt GuhrauerJ, ^es dahingestellt, ob 
*^'die Ursache der NichterfOllung dahin za setzen, dass dem Leibnitz 
^^ seine Yersuche noch za unyollendet schieneni oder ob es ihm ge- 
<<<g^gen sei, wie Boerhave von groasen Chemisten vermuihet: dass 
^' ^ sie dfiters Kanststticke rorgaben, in deren Besitze sie w&ren, da sie 
^< ^ eigentlich nar in der Ueberredang and dem Zatraaen za ihrer 
^ ' Geschicklichkeit standm : dass ihnen die Ausfbhrong derselben nicht 
^' ^ misslingen kOnnte, wenn sie einmal dieselbe Ubemehmen wollten; 
^ ^ wenigstens habe es den Anschein, dass jene mathematische Disciplin, 
<< < welche Leibnitz im Toraos Analysin situs betitelt, and deren Yerlust 
^^^onter Andem Baffon bedanert bat, wohl niemals etwas mehr ala 
"^ein Gtedankending gewesen sei.'" 

This is Kant's verdict. With a character of this kind — ^'^a bum* 
^^ing desire for fame [einer brennenden Beg^erde nach Buhm"], as 
Gerhardt terms it (Vol. 1, page 3), it maj be easy for a man to think 
himself the discoverer of something which has already been discovered, 
and one knows not where this rage for discovery will be arrested. 
In England Leibnitz, as we know, had already twice been unlucky 
with his inventions, (hence perhaps a certain spite against the country) ; 
we refer to the discovery with which he came out in the Soiree at 
Boyle's, and to the other with Mengolus. But Oldenburg had de- 
fended him, and he had returned to Paris. 

The first communication from Paris of any importance is contained 
in Leibnitz's letter of the 26th October, 1674, in which he writes to 
Oldenburg, just after mentioning some general investigations which 
appeared to him of not much value : majoris ad uaum vitae momenti est 
Prqfkctus Geometriae; et inprimis Dimensio Curvilinearum: unde sa/qpe 



A NEW FBATUBE IN THE QUESTION. 06 

pra&dara IVoblemata Mechantea pendent. In ea Oeometriae parte rem 

memorabiUm mthi eveniese nando. Scis D. Vicecomitem Brounkerwn^ 

et CL virum Nic. Mercatorem eaJitbuiaae Infinxtam Seriem numefrorwn 

raJtionalium^ epatio Hyperbolae aequalem. 8ed hoc in Circulo efficere 

hactenus potuit nemo. Etsi enim HI. Brounkerus et WaUieiua dederint 

numeros rationales magia magisque apprcpinquantee ; nemo tamen dedit 

progreasionem numerorum rcttumaUum^ cufua in infinitum continuaia§ 

eumma ait eoMuste aequcdia Circulo. Id vero mihi tandem feUciter mmv 

eeaait: inveni enim aeriem Numerorum vaJde aimplicem^ cujua aumma 

exaete aequaiur drcumferentiae Oirculi; poaito Hiametrum eaae Um^ 

totem. Et habet ea aeriea id quoque pecidiare^ quod miraa quaadam 

Circuli et Hyperbolae exhibet harmoniaa. Itaque Tetragoniami Circus 

laria PrdbUma^ jofin a Oeometria traductum eat ad Aritkmeticam Infir 

nitorumj quod hactenua fruatra quaerebatur. Beatat ergo tantum^ ui 

Docbrina de Serierum aeu Progreaaumum nvmeriearum aummia perficiatur. 

Quicunque hactenua Quadraituram Oirculi exactam quaeaivere^ ne tnam 

quidem aperuere per quam eo pervenire poaae apea ait^ quod nunc 

primum a me Jacium dicere auaim. SaHo Diametri ad drcumfsren* 

tiamj exaete a me ediiberi poteat per Bationemj non quidem Humeri 

ad Numerum {id enim foret abaolute inveniaae) ; aed per rationem Nu^ 

meri ad totam quandam Seriem. 

Oldenburg answers Leibnitz (who, as we perceive, stated himself 
to have discovered a special qnadratore of the circle bj approxima- 
tion) saying that the English had not only this, but also a general 
method, by which to discover the same, and mudi else that was 
therewith connected. Oldenbnrg says: ^norare te noUm^ Ourvarum 
dimeiiendarum rationem et methodum a Chregorio nee non ab laaaeo 
NewUmo ad eurvaa quaalibet^ tum Mechanicaaj turn Oe&metricaa^ qtdn 
et circutum^ ae extendere; ita acilicet ut ai in aliqua curva ordinaictm 
dederiaj iaiiua methodi beneficio poaaia Uneae curvae Umgitudinem Jigwrae 
Q/ream et alia invenire. 

Now the lull ezt^it of tiiis general method is no oth^ than that 
which was afterwards termed the Differential Galcidiis; and no one 
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denies that if Leibnitz knew the Compendium on that subject of 
1669, which Collins and Oldenburg possessed, this would be sufficient 
to convict him of plagiarism. And so indeed Leibnitz's curiosity 
was in the highest degree excited hj the notion of the existence of 
this general method in the reach of his friend Oldenburg. 

That Leibnitz himself had no sort of general method, of which 
his single quadrature was a special application, is evident from his 
letter. Besides which Hujghens writes just at this time to Leibnitz, 
(Gerhardt IL S. 16) : je vans renvote^ Monsieur^ Votre escrit touchant 
la Quadrature ArithmStique que Je trouve fort belle — Pour ce qui est de 
la ligne courbe Atwnyme qui sert a Vostre demonstration. Thus Leib- 
nitz had no method of discovering nor of demonstrating quadratures, 
but Oldenburg excited his curiosity and described to him almost the 
very paper which Newton wrote, and of which not only Collins but also 
Oldenburg had copies in their desk, we mean the analysis per aequo- 
tiones numero terminorum injlnitas^ in which the whole method of series 
and the Differential Calculus is found. Also in other letters of Olden- 
burg's since the year 1669, Oldenburg cites not only abstractly but with 
specimens this analysis, (compare Com. Epist. No. XIII.) We see 
that Newton made an exception to the fashion of his contemporaries, 
of publishing only bare results, he gave away his whole method in 
this compendium. 

What now could Leibnitz do, when he became aware of this immense 
scientific wealth of the English? He might either beg that this 
method be communicated to him, or he might answer, ^^ I will not 
" have your methods." But a man like Leibnitz, who is " burning" 
with the desire to gain fame, does not act in such a simple manner : 
he chose not only to learn these methods at whatever price, but also 
to appear as if he did not stand in need of them; he accordingly 
wrote to Oldenburg in the letter which Oldenburg could show to 
Newton (Grerhardt, No. XXIII.) scribis darissimum Newtonum habere 
Methodum exhibendi qitadraturas omneSj omniumque curvarum Buperfi^ 
cierum et Solidorum ex revolutione genitorum DimensioneSj et Centrorum 
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Oravitatia inventionea^ per appropinqucUiones actlicetj ita enim interpreter. 
Quae Methodfis si est universalis et commoda^ meretur aestimari; nee 
dubito fore ingenumssimo auctore dignain. Addis tale quid Chregorio 
innotuisse] but on the same date he wrote the subsequent No. 24^ 
Mittam TIBI inventum meum^ satis certe memorabile^ quod magnitudinem 
Circuli per seriem numerorum rationalium infinitam mire simplicem 
eacprimit: si mihi vicissim duo vestratium inventa Oeometrica pollicearis^ 
unum CoUiniij de quo aliquando mentionem fecistiy de summis serierum 
numericarum jinitarum^ quarum termini sint primanorum^ secundanorum^ 
tertianorum etc, reciproci/ aJterum Oregorii circa methodum apprcpin^ 
quandi ad veram Circuli et Hyperbolae magnitudinem per series con- 
vergeaiUes^ cujus in JExercitationibus Oeometrids exempla dediL Et vera 
si Collinianum mihi consensu Clarissimi autorisy cui plurimam salutem 
a me dicas rogo^ miseris quamprimum {nam etiam editum prostata nisi 
Jailor in libra quodam AngUco) statim transmittam meum et Gregorianum 
praestolabory dum TIBI commoditas oblata fuerit obtinendi ab autore; 
negue emm credo L^ni ogiL 

InteUigo autem non inventa tantum^ sed et demonstrationes mitti 
debere. Meum exactissime demonstratum^ sed et numeris comprobatum 
habeOy et visum est ita memorabUe insigntbus quibtisdam Oeometris^ ut 
inventorum Chfdometricorum hactenus cognitorum apicem appeUare non 
dubitaverint. 

This matches very well for Leibnitz who had now already learnt 
that series like his own were already printed in Gregory, (only without 
the method,) and could not therefore hope to shine by the side of 
Newton with his one poor quadrature, however he might dress it up ; 
before the secretary however it was still feasible to glorify this in- 
vention; and it was this accordingly that he wanted to exchange 
with Oldenburg for the general method, about which Oldenburg 
was to enquire, not from Newton, but from Gregory, {cui innotuit hcec 
meihodusj) that is, he was to get oral information, for which reason 
the business was to be adjourned awhile, viz. till Gregory came to 
London. Thus it was most cleverly pre-arranged that Oldenburg was 

I 
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not to write upon the subject, but to serve Leibnitz by oral enquiries. 
It agrees perfectly with the diplomatic address of the Advocatus and 
Staatsrath Leibnitz, in writing to his friend Oldenburg, who himself 
had been a consular agent, that he does not bluntly say, ^^you know 
^'on what terms we are with one another; my invention is a small 
"thing; get me secretly the greater one that your people have;" 
Leibnitz was not writing to a spy, whom he had bribed with money, 
but to a friend, of whom he only required, that he should do a small 
service to a fellow-countryman, without knowing how great was that 
service. But the import is not the less unfair; and we must ask 
whether after that No. 23, which Oldenburg deposited in the archives 
of the Society, Grerhardt's No. 24 could be anything but a private 
letter of the same date; for in No. 23 and in No. 24, the same 
subject is brought forward, though indeed in different ways. Compare 
the expressions in the two letters. At no other time was the position 
of things in regard to this single quadrature on the one side, and the 
Method of Quadratures on the other, such as is pre-supposed in this 
letter, which G-erhardt has therefore inserted in its present place, and 
could not have inserted elsewhere. 

We will now at once remark, that any one, who would serve 
Leibnitz better than Gterhardt serves him, may here say, Gterhardt 
does not understand these things; he gives us documents, which are 
not that for which he passes them. No. 24 cannot be, as Gerhardt 
makes out, a letter supposed to be despatched, but only a draft, 
which never went to England. But with all the partiality that tills 
view implies. It makes the case for Leibnitz not better than before ; 
for it shows that Leibnitz had the design to get himself syste- 
matically informed about this method, f.6. the Differential Calculus, 
by means of oral enquiries, (according to the draft letter No. 24); 
while instead of it he sent off No. 23, by which he concealed that 
desire ; perhaps because he did not feel quite sure that Oldenburg, to 
whom he could not yet speak by word of moutii, would serve him. 
The curiosity and the unallowable disavowal of this curiosity, and 
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the wish of obtiuniiig through Oldenburg a secret information, remain 
proved, though our interpretation has tried to assist Leibnitz better 
than Gerhardt. 

On the 20th of May, 1675, Leibnitz writes: Cum nunc praeter 
ordinariaa euros Mechanicis inprimia negotiia distrahar^ nan potui exam' 
inare aeries quas misisti ac cum meis comparare^ which would again 
be a falsehood, meant to conceal Leibnitz's desire to get informed 
about the English method, if it be (as we think it is) true, what is 
proved by Gerfaardt's documents, (Tract of 1848, p. 23, note **,) that 
Leibnitz, at this very time, was not at all occupied with mechanical 
labours*. 



* In order not to break the thread of our investigations we will here jost 
cursorily introduce an example of Leibnitz's anticipated discoveries out of the 
Correspondence, which confirms Kant's severe verdict respecting him, and shows 
at the same time that Leibnitz wanted to exchange that which he had not got 
hold of for something more substantial. He writes 12th June, 1675. Ego rem 
moUoTf et satis credo m numerato habeo, qua nesdo an ad %uum major possU 
sperari in Algebra, methodum scilicet^ per quam omnium AequaHonum radices 
instrumento guodam, sine uUo calctUo (poet Aequationum praeparationem non dijfi- 
eUem) in numeris pro instrumenti magnitudine qtutntumlibet veritati propinquis, 
haberi possint. Si CoUinius atU Partus inventum supradictum communicare voluerint, 
ego meum inventum, nemini haetenus a me monstratum, vicissim ipsis patefaciam. 
Oldenburg answers and gives in six long numbers, all of what Collins had supplied 
him with, and this : Dn. Newtonus (ut hoc ex occasione literarum suarum, meaning 
Collins, addam) heneficio Logarithmorum graduatorum in scalis 'rapakXvKw^ locandis 
ad distantias aeqtuiles, vel Cfirculorum Coticentricorum eo modo graduatorum admi- 
niculo, invenit aequationum radices. Tree Regulae rem conficiunt pro Cubicis; 
quatuor, pro Biquadraticis i In harum dispositione, reepectivae eoeffieientes omnes 
Jacent in eadem linea recta, a cujus puncto, tarn remoto a regula prima, ac graduatae 
seaiae sunt ab invicem, linea recta iis super extenditur, una cum praescriptis con- 
sentaneis genio aeqtuUionis, qua in regularum una potestas pura datur radicts quaesitae, 
Lubenter equidem cognosceremus, num 2\i, Vir Doctissime, et Newtonus nosier in 
artificium idem incideritis. But now that Leibnitz has got all he wants out of the 
English, and can profit nothing further by them, he breaks off the subject with 
the words, Methodum Celeberrimi Newtoni, radices Aequationum inveniendi per 
Inetrumentum, credo differre a mea, Neque enim video m mea quid out Logarithmi 
aut CireuU Qmcentrid con/erant Quoniam tamen rem vobis non ingratam video: 

12 
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In the letter of 12th May, 1676, Leibnitz had once more an oppor- 
tunity of enquiring, quite without offence, just cursorily, what the 
English method might be; and when Newton had thereupon written 
to him his first letter, he could say to Oldenburg, whom he thereupon 
visited in London ; ^' you see Newton himself has written to me ; so 
^'now you can tell me all and just a little more about it;" and then 
Oldenburg may have given him, and has given him, as Biot and Lefort 
tell us, the Analysis of Newton, but only to make extracts. 

We have been obliged to elucidate this transaction, it however 
may have taken place in many other ways ; in any case it lies before 
us fearfully as a naively told fact, that Leibnitz has secretly read the 
Analysis of Newton, for he made extracts from it 

Every one must immediately feel that he can only have made 
those extracts in London, that is, when he for the second time, we 
do not know for what reason, went there, being bound to Hanover; 
even the date is of no primary consequence; all that matters is llie 
secrecy with which Leibnitz held possession of these extracts, for as 
that Analysis of Newton's was to be had printed as early as 1711 in 
Jones's edition, and 1712 in the Comm. Eptst^ Leibnitz's extracts of 
it as of a Newtonian " manuscript" must certainly bear date at least 
before 1711; and now let us ask if in Leibnitz's confidential corre- 
spondence with Bernoulli, which lasts to 1712, Leibnitz had not on 
every page occasion to say that he had made extracts form Newton's 
important paper, which furnished the key to all Newton's publications, 
to the Frincipia^ the Memoirs upon Light^ the LinecB Tert. Ord,j and the 
Quadratures. But Leibnitz did not so act; he concealed these 
Newtonian extracts from Bernoulli and from all his other friends, 
from Tschimhaus and firom all the world, — and from Newton — 
and yet he had here eveiything; for if he excerpted the analysis, 

abcanahor solvere, ae tibi eommunicare, quamprimum oUi sat erit. Just like the 
Chemists, of ^hom Kant and Boerhaave speak, who boast of discoyeries which 
they are not yet possessed of! And what sort of a discoTory was thisP It is 
one which Leibnits neyer again recurs to. 
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he surely did not neglect that whidi was best therein^ even if he did 
not cop7 it, but onlj kept it in his memoryy and extracted fig^nres. 

But as all our readers will not possess the correspondence of Ber- 
noulli and Leibnitz in the edition of 1745, of which the index is here 
condusive, we wiU, in order to give some conception of the frequent 
occamon that Leibnitz had to mention the fact to Bernoulli, if he had 
not been all too conscious of the necessity he was under to conceal it, 
copy verbatim from the index to this extensive and highly confiden- 
tial correspondence (which lasted from 1694 to Leibnitz's death), the 
rubrics NewUmus et Calcultis infinitesimalis pramotua / 

Newtonus, ejus Opuscula quaedam in Wallisii Operibus inserta 1. 185 

— ejus Caleulu8 Fluocionum in quo differat a differentiali . . 191 
an sit primus illius inventor, . IE. 111. 283. 297. 308. 309. 

313. 364. 375 
undo ilium desumsisse suspicatur Bernouluus L 191. 195 

— ejus errores ab Hugenio notati, . . . 208. 211 

— opus aliquod vult in lucem emittere, . . . 241 

— ex eo expectatur Problema Celerrimi descensus^ 247. 253 
illud solvit ..... 262. 266. 269 

— quid ei tribuatur circa Corporum Attractitynem . . 390 

— gravitatem Corporum, extra Terram, esse reciproce in dupli- 
cata ratione distantiarum a Centre, sed, intra Terram, directe 

in simplici distantiarum ratione statuit, . .411, 415, 420. 424 

et litem cum Fatio habuisse dicitur, . . I. 475. 483 

qua de causa secundum Leibnitii conjecturas, . . 480 

— quaedam ad eum spectantia, IE. 31. 55. 86. 106. 111. 137. 154. 247 

290. 302. 357. 361 

— an ei tribuenda Serierum Methodus, ... 97 

— ejus Lunae Theoria, .... 106. 124. 153 

— ejus Optica: Enumeratio Linearum tertii ordinis: Quadratura 
Gurvarum Geometricarum publicae fiunt, . . 123. 124. 180 

— ejus Optica Anglice scripta, Latino vertitnr, . 159. 347 
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Newtonus, ejus Arithmetica UnivereeUia in publicum Caniabriffiae 

emiflsa, ..... 182. 185. 189 
de ea Leibnitii judicium, .... 182 

— ejus excerptum quiddam Ntcolao Bebnoullio Nic, fil. mittitur 210 

— colorum experimenta quaedam a Mabiotto facta Newtoni 
tentatis non congruunt, .... 213. 216. 234. 235 

— secunda ejus Principwrum Philos. Editio, 223. 226. 229. 291. 299 

— iu ejus Pnncipiorum Phil, loca quaedam BemouUianae adni- 
madversiones, . . . 240. 241. 253. 294. 299 

— Begiae Societati Bebnoullium proposuit, . . 299 

— commercium Litterarium cum Bebnoullio habuit, . . 302 

— differentia inter ejus Philosophiam et LeSmitianam^ . 364 

— inter eum, (vel potius Clabckium) et Leibnitium Fhiloso- 
phica controYersia, . . . 381. 382. 384. 390. 396 

Flura vide in Calculi infinitesimcdis historia. 
Calculus infinitesimalisj 7. 9. 14. 15. 26. 28. 35. 40. 41. 46. 53. 55. 57. 62. 

65. 67. 75. 76. 81. 84. 91. 104. 127. 129. 179. 201. 202. 
217. 218. 223. 226. 227. 231. 298. 306. 319. 32]. 331. 332. 

334. 367. 401. 461. 

— propagatus, ..... 12. 28. 30 

— in eum difficultas proposita, ..... 377 
soluta, ....... 382 

— idem est ac Methodua Fluxumunij .... 190 

— illius adversarii, 11. 23. 25. 39. 40. 69. 71. 78. 148. 150. 153. 170. 

172. 177. 178. 211. 

— ejus historia 151. 154. 155. 161. 283. 286. 291. 299. 300. 302. 308. 

313. 315. 320. 323. 325. 327. 330. 334. 337. 340. 
343. 351. 358. 361. 364. 367. 375. 377. 378. 

Not in one of all the above passages in this correspondence, (which 
lasted from 1694 later than 1712) is it stated that Leibnitz possessed 
anything from Newton, which the public in general did not possess. 
We shall not be expected to prove, that Leibnitz must have commu- 
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nicated with Bernoulli about these extracts of this Newtonian pamphlet, 
if he did not feel himself obliged to keep it secret. 

We should be glad, if we had deceived ourselves in this last 
chapter, and if Leibnitz's extracts from the Analysis could be other- 
wise explained; but then the other four chapters of this Enquiry 
would still require no alteration. 

Even if we are right in our last chapter, it need not absolutely 
follow that Leibnitz is a plagiarist in the worst sense; but perhaps 
Oldenburg did not allow him time enough; or he did not extract 
everything, or he saw the analysis only through Collins, and might 
subsequently believe that he himself was the discoverer, and that he 
had no need to mention what he had seen. But beyond these grounds 
of excuse nothing can be alleged for him. 

We have been urged to this investigation by the unworthy attacks 
that have been made on Newton, whom we were accustomed to 
revere as one of our nation ; and we are ready to apologize to Leibnitz, 
if, in the last chapter, but it is only the last we refer to, we have 
spoken too immoderately against him or against Oldenburg. 
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OERHARDT'S WORDS RESPECTING THE (LEIBNITZ) NEWTONIAN 
MANUSCRIPT, IN GERHARDT MATHEM. SCHRIFTEN 

LEIBNITZENS I. P. 7. 



^' I hare found in the collection 
^^of Leibnitz's manascripts in the 
^^ libraiy in Hannover a manuscript 
^^with the heading: Excerpta ex 
^^tractatu Newtoni Mhco. de Ana- 
^' Ijsi per aequationes numero ter- 
''minorum infinitas, without, as I 
^' am sorry to say, the date at which 
^'Leibnitz wrote the same. The 
^^ first line of this manuscript reads 
"as follows: AB n x] BD n y; 
"a, ft, e, quantitates datae; m^ n 

m 

"numeri integri. Si aa^ n y, erit 



(( 



ina 



wi + n 



^ * f^ [/y] are*e*- Further " erit 



" Wir hahen in der Sammhmg 
" der Handachrifien LeSmxtzens auf 
" der Koniglichen Btbliothek zu Han- 
" never ein Manuscript gefunden mit 
^^der Aufschrift: Excerpta ex trac- 
" tatu Neutani Maco. de Analyst per 
" aequationes numero terminorum in- 
^^JinitaSj aufdem leider der Vermerk 
" der Zeit fehltj in toelcher Leibnitz 
^^ es schrieb. Die erste Zeile dieses 
^^Manuscripts lautet: AB n x; 
^^ BD n y; a^h^c quantitates datae ; 

"til, n numeri integri. Siax"^ n y ; 

na ^^^ 

05 * n [/y] areae*. Im 



wi + n 



• "In his Excerpta it was Leibnitz's 
"fashion to include his remarks as here 
" in parentheses. — Gerh." 



* '* Inseinen Excerpten pflegte Leibnits 
" die eigenen Bemerkungen durch Klam- 
« mem einnischliessen.— Qerh." 
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'^ Leibnitz has only noted down the 
'^ example -^^y, and the develop- 

" ment of ^^ — -^ in a series, and the 

'^ Newtonian Extraction of Roots ; 
"but the chapter De Besolntione 
" aequationnm affectanim, in which 
" Leibnitz seems to have interested 
" himself particularly, is almost com- 
" pletely written out." 



" Folgenden hat nch Leibnitz nur das 
^^Beispiel -^ = 1/^ femer die Ent- 

" wickehmg von - — -^ in eine Beihe 

^^unddie WurBelausxiehung Newton* a 
^^angemerkt; dagegen iat fast voUr 
^^st&ndig der Abachnitt: De Seeo- 
" lutione aequationum ctfiectarum^ 
" au^eechriebenjfurtoelchen Leibnitz 
" eich beeandere tntereesirt zu haben 
^scheint:' 



It 18 eBBj to prove that the attacks of Biot on Newton'a character 
are unfounded. With regard to the vehement controversy between 
Leibnitz and Newton, Biot forgets that it did not ori^ate with 
Newton. For if we were even to assume with M. Biot, that Leibnits 
had more right to the discoveiy than he really has, still it is at all 
events Ae that had got aomeihing fix>m Newton, and not Newton from 
him ; for which reason Leibnitz in publishing ought to have said, that 
it was known to him that Newton had the very same thing which 
he (Leibnitz) published in 1684. Newton did not take offence at 
Leibnitz's thus ignoring his equal claim to the discovery ; but only in 
his next publication, in the Frincipia, of which the printing was 
completed in 1687, added the well known Scholiam: In Ikerw quae 
mthi cum G^ometra peritisnmo G. G. Leibnitio €mnis abhinc decern 
itUereedebantj cum signtfiearem me eompotem esse methodi determinandi 
maoBima ei minimaj duoendi Tangentes^ et simtlia peragendi^ gtuxe in 
terminis surdis aeque ac in rationaltbus prooederet^ et Uteris transpositis 
hanc sententiam involiMntibus eamdem cdarem ; Bescrymt Vir Clarissimua 
se quogm in yusmodi meihodum inddisse^ et methodum suam commum* 
oavit a mea vix cAludeniem /praeterquam in verbarum et notarum Jbrmulis. 
Utriusque fundamenium ccntmetur in hoc Lemmate. M. Biot justly 
remarks in the Journal des Savants (1855, p. 603) that Newton hereby 
^^ recognises the independence of the rights of Leibnitz," ^^reconxuxit 
^^ V independance des droits de LeibnitZj^'' whoice indeed twenty years later, 
in 1711, when Newton was no longer amicably diiposed to Leibnitz, he 
found it inconvenient that there should exist a sdiolium so favourable to 
the latter, and implying such a recognition of his claims ; ^' en 17 11 lorague 
^Newton Hedi exasperij^* says M. Biot, ^'Ce echolie devemait pour hU 
^une pOce ^ dUkairge fori embarrasaante :^^ ^m 1711, whcR Newton 

k2 
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^'was exasperated, this Scholium was for him a very embarrassing 
" piece." 

But how did Leibnitz act? He ought, as we see, to have named 
Newton in his publication of 1684, and the latter might have taken 
amiss this ignoring of his claim; still Newton mentioned in his first 
publication, by the side of his own, the contemporaneous right of 
Leibnitz. Ought not Leibnitz now at least to have confirmed this, 
or at all events done something rather than commence an attack upon 
Newton? But in truth he just now with a premeditated design injured 
Newton, by inserting just after Newton's Principia had been published 
a memoir in the Acta Erud. 1689, in which he, under the pretence of 
being as yet unacquainted with Newton's Principia of 1687, gave the 
most important propositions thereof on his own part. We will not 
dwell upon this afiair; let it suffice that Blot strongly and sharply 
censures Leibnitz for it ; and that even in their extraordinary edition 
of the Commercium Epiatolicum^ (1856), Messrs. Blot and Lefort repeat 
the censure, saying at p. 209, Cette publication^ [dans lea Actea de Leipsig^ 
Mens, Feb, 1689) est h mea yeux le aeul tort que Leibnitz ait eu envers 
Newton^ ju^qu^ au moment de la deplorable controverae qui a empoiaonnS 
leura demiera joura. So this, according to our good French friends, 
is [le tort) the wrong of Leibnitz ! but herewith the affair began, for 
though they would gladly mystify us by using the politic phrase, 
c'^eat d mea yeux le aeul tort que Leibnitz ait eu envera Newton juaqu^au 
dkc.j yet no one will be so far misled by this as to forget the dates, 
which prove that in this only wrong Leibnitz committed also the jlrat 
wrong^ for before 1689 all that had been said or printed by Newton, 
or the latter's friends, was in no way calculated to irritate Leibnitz, 
but on the contrary purely amicable. 

How must it have wounded Newton, that after the gigantic work 
of the Principia, on which he had laboured so much, and which he 
published in 1687, Leibnitz with French levity took the credit of the 
whole work to himself, publishing the interesting theorems of it on 
his part in 1689, as if he had at that time not seen the Principia? 
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It Is justly said in the Epiatola ad Amicum that if Leibnitz had really 
not seen the Principia two years after its publication, yet nevertheless 
he had seen the Epitome of the Principia which was published in 
the Acta Erud. of 1688. Qtta Ucta^ baj9 Newton, in the I^tola ad 
Amicum y Da. Letbnitzius schedtasmata sua de motuum coelesttum cauais 
— camposutt et in Actis Lipsicia ineunte anno 1689 imprimi cura- 
vity quasi Ipse quoque praecipuas Newtoni de his rebus Propoaitionea 
inveniaaet idque methodo diveraa^ et librum Newtoni nondum vidiaaet. 
Qua licentia conceaaa Authorea quilibet inventia auia Jhcile privari poaaunt, 
Quam primum Liber Newtoni lucem vidit exemplar ejua D. Nicolao 
Fatio datum eat ut ad Letbnitium mitteretur (1687). Viderat Letbnitiua 
(1688) Epitomen ejua in Actia Lipaicia. Per commercium epiatolicum 
quod cum viria doctia paaaim habehat^ cognoacere potuit Prcpoaitionea 
principalea in libro illo contentaa imo et librum ipaum procurare. Sin 
Librum ipaum non vidiaaetj videre tamen debuiaaet antequam aua de iiadem 
rebua cogitata puhlicaret^ idque ne Jeatinando erraret in autjecto novo 
ac difficili et Newtono injuriua eaaet auferendo inventa gua^ et Lectori 
moleatua repetendo quae NewUmua antea dixercU, 

We repeat that it is Biot, who most severely censures Leibnitz's 
conduct; for he says (Article on Leibnitz in the Biographic unir 
veraeUe and Biot's Com, Epiat. Collinaiiy p. 209.) Ainai Vimmortel 
ouvrage dea Principea avait paru dtpuia deux ana et Leibnitz ne 
Vavait pas regards : il ne T avait paa regards m^e aprha que lea 
dicouvertea inoutea qu^il offrait pour la premih'e foia au monde^ avaient 
its annoncSea dana lea Actea auxquela Leibnitz renvoie; et il aaaure rCen 
avoir jamaia eu connaiaaance que par cet extrait. Sana doute il faut le 
croirCj car il aerait trop diaeapSrant pour Vhonneur de Veaprit humain de 
auppoaer un ai grand gSnic capable de la plua vile impoature* : maia 

* In the Journal des Savants of 1852, p. 136, Biot adds : ** quoique (Tapr^s Fordre 
dea problhnea que Leibnitz attaque et d^aprh Vueage qv^U fait dee his de Kepler 
pour etabUraea deductione U est a peine eroyable qu'il n*ait paa daigne ae renaeigner 
plua ai^rement," Thus he (Biot) does not believe from internal evidence {k peine) 
that Leibnitz had not also read the Principia. 
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dloTs il faut bldmer un Mdain si atfeuffle ou une 8% candanmabU 
insGuciance, 

When then for ever so long a time not a word about Newton*! 
contemporaneous diecoyeiy of the Differential Calculus was to be 
wrung from the mouth of Leibnits, and he was gradually acquiring the 
reputation of being the only discoverer, Newton's friends began to 
vindicate his right; and when Leibnitz not only went on, without 
Newton's having spoken, to state the case for himself, but also in the 
Act. Erud. of 1705, referring to Newton's publication of 1704, de 
quadraturd curvarum et de lineis tert. ord.^ came out in quite an 
irritating manner against Newton with the celebrated words semper 
adhtbuit^ for which Leibnitz was never able to justify himself, and 
with the comparison of Newton to Honoratus Fabrius, and of himself to 
Cavalleri, by which he got up the semblance of a charge of plagiarism 
against Newton — ^then the cup was filled, and Newton, who, not having 
as yet in the publication of 1704 said a word against Leibmtz, now 
finding himself with insidious phrases set down as a plagiarist, was at 
length — ^no man could have commanded himself longer — provoked to 
publish the documents disputing the latter's claim to the exclusive 
discovery. 

We will give tbe leading passage out of this politic memoir of 
Leibnitz's. Leibnitz says: Ingefniosissimus deinde Autor antequam cui 
QuadratuToa carvarwm vel potitis Curvilinearum veniat^ praemiuii brevem 
Isagogen. Quae ni melius intelUgatur^ sciendum est cum magnitudj 
aliqua continue eresciij vduH Linea {eacempli gratia) crescit fiikxu Puneii 
quod earn desoribitj incrementa ilia mamentanea appellari difiererUiaSf 
nempe inter magnitudinem quae aniea erc^ et quae jfer mukUifinem 
momentaneam est producta / atque Ainc naium esse Calcuban DifferenHaiem^ 
eique reciprocum Summatoriwn / cujus elementa fd> inventore D. Ghd^rido 
ChAilielmo Leibnitio in his Actis sunt tradita^ variique ttsus turn ab 
ipsOy turn a D, D* Fratribus Bemoulliisy turn et J9« Marchione JBospitalioj 
{cufus nuper extincti imma^ram mortem omnes magnopere dolere debenJt'y 
qui profundioris doctrinas profectum, amant) sunt ostensi. Pro dijfirentiis 
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ig^r LeSmitianis D, Ntwtonus adktbet^ semperque adkibuitj Fluxianes^ 
quae sunt quam proanme tU Fluentium augiMnta aequalSms iemparis 
parttculis quam minimis geniba; Usque turn in svbis Prindpiis Naiur^te 
Maihematicis^ turn in aliis postea editis eleganter est usms^ quemadmodwm 
et H(moratus Fabritis in sua Sgnopsi Gfeometrioa^ motuum progressus 
Cavallerianae methodo substituiL 

We 0ee that Leibnitz had not rdallj the courage to saj opeolj, 
that he was the first, and Newton the second disooverer) but that he 
only gave a glimpse of this intimation bj the ccmcluding word substituitj 
and through the word adhibet^ to whidi he mysteriouslj appended the 
words semperque adk^mif, moreover Leibnitz had not even the courage 
to sign his name to the article, but denied stubbomlj, even till his 
death, that he had written this Review; which however every one 
looked upon as having proceeded from him, and which, as is now 
proved, he had really written. 

How long then, in order to satisfy M. Biot, ought Newton and his 
friends to have been silent ? So far was the Gommerdum EpistoUoum 
from being an act of aggression, that we have mudi rather reason to 
say, that it wotdd have been no longer fair to fight a disguised battle, 
and with politic phrases to cover the case thinly over, while the 
documents could be brought forward. 

Thus it cannot be maintained that Newton was the irreconoileable 
strife-loving party; Newton was mild and loved tranquillity; he evea 
abstained from editing Kinkhuysen's Algebra, ns quietem suam perderety 
(Com* Ep. No. 23, and 57), and he wrote to Leibnitz even in 1698, 
8pero me nihU scripsisse, quod tibi nonplacecttj aut si quid sii^ u$ Uteris id 
mihi significesj quoniam amicos plurisfado quam invenia matiiematica. 

The individual small attacks of Biot on Newton have as little 
foundation. H nefaut pasy says Biot in 1832, {Jour, des Sav. p. 271), 
wndoir justi^fier Nmoton d* avoir supprimi dans la troisihne Edition des 
Principes le cSUhre scholie qa^U awnt insef^ dans lee premier^ et qui 
reconnaissait les droits de Leibnitz. That is, M. Biot wants Newton, 
after he has engaged in a dispute with Leibnitz, to acknowledge once 
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more that which he now denied; a singular demand indeed I It is 
here again to be remarked in Newton's favour, that he simply withdrew 
the scholium favourable to Leibnitz, without replacing it by a hostile 
one. Enfin^ continues M. Biot, %l ne Juut pas trouver beau^ ni juste 
ni honorable^ h Newton cC avoir encore poursuivi son rival dans la tombey 
par une nouvelle Edition du Gommercium Epistolicum augment^ de deux 
nouvelles lettres de Leibnitz^ qu'il a^etait procuries^ et qu^il accompagna 
cTune rSAitation trls arnbre. The Comm. £p. was made public during 
the lifetime of Leibnitz, and the leUres que Newton a'itait procuries 
are by no means private letters, but one of them Is the ckarta volans 
maihematica 7 Julii 1713, which Newton had certainly no need to 
get, as Biot's words would lead us to imagine, by any unallowable 
means, because Leibnitz himself had everywhere circulated it, in order 
thereby to assail Newton; and the other is the reply of Newton's 
friends thereunto, (the '' refutation" being the Ad lectorem of this 
edition : for the Becensio reprinted there, had appeared in the Phi- 
losophical Transactions one year and eight months, and in the Journal 
Lit^raire, in French, one year and seven months before the death of 
Leibnitz).* 

M. Biot further makes mention of an account-book of the year 1659, 
kept by Newton (who was at that time sixteen years old) which has 
been brought to light, of which Sir David Brewster (Biot's authority) 
thus speaks: 

^' At the end of the hook there is a liet of his expenses^ entitled Impensa 
^^prcpriaj occupying fourteen pages. On the Ath page the eapenses are 
^^ summed up thus: — 



* Even Newton's "Remarks" on the last Leibnitian pleadings before Conti 
(of 9th April, 1716) were written before Leibnitz's death, that is, before the 14th Nov., 
1716. It is not Des Maizeaux's collection of 1720, in which (see pages 78, 98) 
those Remarks dated 18th May, 1716, were first printed, but the History of 
Fluxions by Raphson, of which book pages 97 — 123 are as it were a second 
edition. 
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TotwH • « • • £ 3 5 6 

Habui .... 400 

Biabeo .... 14 6 

^ On the 6th page Aere are fourteen hane of moneys extended thus: 

Lent Agatha . . £0 11 1 
Lent Oooch ..100 
^^'amd he then adds at the bottom of the page^ lent out 13 ahtlUnge more 
^^than £4. 

^^ Among the entries are Cheasemen and dial . £0 1 4 

Effigies amoris ... 010 

Do 10 

^^ and on the last page are entered seven locmsj amounting to £8. 2s. %d* 
^^ There is Wcewise an entry of ^ Income from a glasse and other things to 
*^ ^ my chamber-fsUofOj £0 9.' Another page is entitled 

Otiose eifrustra expensa. 
Supersedeas. Sherbet and reaskes. 

China ale. Beere. 

Cherries. Cake. 

Tart. Bread. 

Bottled beer. Milk. 

Marmelot. BnUter. 

Custards. Cheese.^^ 

M. Biot is yeiy facetions on the subject of such details being 
offered to the public in England, but he might be facetious against 
himself for he adds stiU more detail, sajing : Ne voulant pas imiter Is 
singe de la fahU gui prenait le PirSe pour un nom d^homme^ fai eu 
reo&u/rs ft Vobligeance de M. le prafesseur De Morgan^ lepriant de wmloir 
bien m'interpriier les mots dont le sens me semblait douteux^ ou qui 
m^itaient taut hfait ininielligibles. Grace h luij je vais ici me prSvahir 
de son irudition archSologique dans la langue de Cambridge^ en faveur 
des leeieurs frangaisj peut4tre m^me anglais qui voudraient oonnattre au 
juste^ en quoi consistaient les excis de Newton. 

Marmelot iquivaut ioidemment au mot actuel marmalade^ en Jran^is 

L 
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marmelade ; Reaakes^ maintenant Rushes^ ^dSaigne une sorte de biscuitg 
Ugera, 

China ale J littSralement Vale de Chine. Tout h monde sait que 

« 

Vale est une aorte de bih'e Ughre de couleur jaune pdle. Mais qu^e8t<e 
que V ale de Chine f M, de Morgan a ingSnieusemant devinS que ce devait 
itre Ih une locution employSe alora parmi lea itudianta de Cambridge 
pour designer le thS. We see that M. Biot and M. de Morgan 
have made some exertions in order to be able to impart those details 
to the public with still more precision than they were given with 
before them. 

We quote from the same article of Biot's, in 1855, the following 
passage about Newton's character : Aux occaaiona rarea ok %l lui arrivait 
[Newton) d^asaiater h dea banqueta publica dana la aalle commune du 
colUge^ ai Von n'avaitpaa la pricaution de Vy faire penaer^ tl arrivait en 
dSaordrCj lea aouliera abattua aur lea talons^ lea has non attachda^ lea cheveux 
nonpeignSay et un aurplia aur le tout, D^autreajxna il aortait le long d*une 
rue aana aonger qu^il n*£tait pcta convenablement habilU ; puia a^en aper^ 
eevant il regagnait bien vite aon logia tout honteux. D^audtieura H n^en 
avait que trba-peu ou paa du tout^ et il fadaait le plua aouvent aea legons 
devant lea muratllea. On ne le voyait jamaia non plua prendre aucun 
amuaementj aucun exerdcCj ae mMer h aucun jeu. H ae dSlaaaait ttune 
ttude par une autre^ toujoura penaant^ toujoura mSditant H itait rare 
qu^U ae cowAdt avant deux heurea du matin^ pour ae lever vera cinq 
ou aix; dormant auplua quatre ou cinq heurea. Quant h aon caract^e 
moral dana lepeu de commerce qu^U avait avec le reate dea hommea^ on 
le repriaenie douXj poaij inoffenaifj ne ae mettant jamaia en oolire; de 
plua charitable et gSnireux dana Voccaaion, Cea demiera penchanta^ 
on aait qu^il lea garda toufouraj et F accroiaaement de aa fortune ne Jit 
que lui donner lea moyena de a^y abandonner plua libremenL 

That M. Biot cannot understand such a character we perfectly 
comprehend, yet this is not the fault of Newton, but of Biot himself. 



Altogether Newton as inventor is in his right, even by the estab- 
lished conventions of the literary world, according to which an act of 
publication is necessary to establish one's title in a discovery, because 
mere thoughts may have been by the thinker himself considered 
valueless. For Newton in 1669 sent his Differential Calculus to the 
President of the Royal Society in London ; he had given it previously 
to Barrow; the Secretary of the Society Oldenburg and Collins 
had also copies. Newton had not forbidden these persons to speak 
of it, and Collins as well as Oldenburg made this discovery everywhere 
known as early as the year 1669, as is evinced by letters in the 
Comm. Epistj from Oldenburg, 14th September, 1669, to Sluse in 
Ley den ; from Collins, 25th November, 1669, to James Gregory ; from 
Collins, December, 1671, to Borelli in London; from the same, 26th 
December, 1671, to Vernon; from Oldenburg in several communica- 
tions to Leibnitz before 1675 ; but Collins and Oldenburg of course 
did not come forward with the detail, because it was proper that 
this should proceed from Newton, who meant to publish it in 
Einkhuysen's Algebra, but was prevented by the controversies which 
arose from the publication on his Theory of Colours, and the labours 
which he bestowed upon the Principia. Newton thus made an 
exception to the practice of the Geometers of his time, because he 
did not keep to himself the method that he had discovered, but had 
written it down completely, and without reserve, and at once put 
it in circulation amongst his friends. 

It is commonly thought, that Newton eagerly concealed that which 
he had discovered, while Leibnitz, more magnanimous than Newton, 
communicated to the world all he knew, but Leibnitz cannot even 
claim the honour of this communicativeness; for his publication in 

l2 



76 ADDITIONS AND REMARKS. 

the Acta Eruditcrum in 1684 was not made to be understood, but to 
be not understood. The publication was even not understood bj 
mathematicians, such as Bernoulli — and James Bernoulli requested 
Leibnitz to expound to him that which was unintelligible therein. And 
Leibnitz did not answer. 

In the MSmoirea de VAcacUmie of 1705 we read : Mr. Jac, Bernoulli 
fSnitroit dSJh dans la GSametrie la plus aistruscj et la perfectiannait par 
sea dScauvertea^ h meaure qu^U Vitudunt^ lorsqu^en 1684 la face de la 
Oicmetrie changea preeque tout h coup, Uilluetre M. Leibnits dovma 
dans lee Actes de Leipeic quelquee eeeais de eon nouveau Calcul differentiel^ 
ou dee Infiniment petite^ dont tl cachait Fart et la methode, Aueei-tdi 
Mr$, Bernoulli^ car M. Bermovlli Vun de see frh^s^ et son cadetj fameux 
Giometre^ a la mSme part h cette gloire^ senHrent par le pen quails 
voyoient de ce calcul quelle en devait itre Vitendue et la heauti^ ils s^ap^ 
pliqiArerU opintatriment h en chercher le secret^ et Venlever h Vinventeur^ 
ils y rhissirentj et perfecHonnhrent cette Methode au point que M. Leibnits 
par une sinceritS digne d^un grand homme a d6clar6 qu'elle leur ap' 
partenoit autant qu^h luu 

Gerhardt endorses the above assertion, and we do so with him. 
He namely tells us, Leib. Math. Works, III, p. 5, 1855. ^'In the 
^^ Acta Erud.^ in 1684, Leibnitz had made known his new method; 
^' James Bernoulli could readilj imagine of what importance it was ; 
''yet he was unable to raise the veil which, as it appeared, concealed 
''almost impenetrably the very concisely enunciated principle. At 
"last in the year 1687 an opportunity presented itself to James 
" Bernoulli to enter upon a correspondence with Leibnitz, the author 
"of the new method, and request him to furnish explanations and 
" directions by which to understand it. This letter of Bemotdli's was 

" delivered, while Leibnitz was absent upon a long journey ; and 

"so it happened that Leibnitz did not fiimish James Bernoulli with 
" an answer to it, till after his return in the year 1690, when however 
"he had no longer any need to instruct Bernoulli in the principle of 
" this higher analysis. For Bernoulli had, propria Marte^ and by a 
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^^ perseyering stadj, penetrated the mystery, and had already manifested 
^'the proficiency he had acquired by the solution of the isochronous- 
" cunre-problem, which Leibnitz had proposed to tjie Cartesians." 
^^In den Actis erud. hatte Leibnitz 1684 seine neue Methode bekannt 
^^ gemacht ; Jac. Bernoulli mochte wohl ahnen, von welcher Wichtigkeit 
^^sie sein k5nnte; dennoch vermochte er den Schleier nicht zu lUften, 
" der das in gr5sster Ktlrze dargestellte Princip derselben, wie es schien, 
^^fast undurchdringlich verhUllte. Endlich im Jahre 1687 bot sich Jac. 
'^ Bernoulli eine Gelegenheit dar, mit Leibnitz selbst, dem Verf. jener 
^'neuen Methode, eine Correspondenz anzuknUpfen und ihn um die 
« Aufklarung und Anleitung zum Verstandniss zu bitten. Dieses Sch- 

^^ reiben von Bernoulli traf indess ein, als Leibnitz auf einer grossen 

^^ Reise begriffen . So geschah es, dass Leibnitz erst nach seiner 

^^BUckkehr im Jahre 1690 eine Antwort darauf an Jac Bernoulli 
'^ libersandte, in der er jedoch letzteren nicht mehr liber das Princip der 
^^ hdhem Analysis zu belehren ndthlg hatte. Denn derselbe war durch 
^^ eigne Kraft und durch ein beharrliches Studium in das Mysterium 
^' eingedmng^n und hatte bereits seine erlangte Meisterschaft durch die 
"Ldsung des von Leibnitz den Cartesianem vorgelegten Problems der 
^' isochronischen Curve bekundet." 

Thus far Gerhardt, the warm friend of Leibnitz. It is therefore 
entirely incorrect to say, that Leibnitz openly published the Differential 
Calculus. The contrary is manifest. Bernoulli had to find it oiit 
by his own ability; in doing which he was certainly assisted by 
Leibnitz's notice of 1684 and 1686, but perhaps not less by the 
publication of Newton's Principia in 1687. Such is the case of 
the '^publication." And it is Gerfaardt himself who cannot help 
admitting this against Leibnitz. 



It is well known that the Marquis de rHdpital was nominally 
the publisher of the detail of the Leibnitzian Differential Calculus, 
and it is a matter of course that he over and over again names Leibnitz 
as the discoverer of this method. It is however this very man's 
statement which makes against Leibnitz; Newton hacf remarked this 
at the end of the Recensio in the words: Nondum^ inquit HospitalittSj 
tarn simplex erat {Tangentium methodua) quam a Barrovio reddita .estj 
naturam Polygonarum propiua conMerandOj quod spante menti dbjicit 
parvulum Triangulum^ compositum ex particula Curvae inter ducts 
ardinatas sibi infinite propinquas jacentis, et ex differentia duarum istarum 
Ordinatarum, duarumque itidem correspmdenHum Absdssarum. Atque 
hoc Triangulum illi simile est^ quod ex Tangente et Ordinata et Sub- 
tangente fieri debet: adeo ut per unam simplicem AnaJogiam omnis Jam 
Calculatio emtetur^ quae et in Cartesiana et in hoc ipsa prius Methodo 
necessaria ercU. Quo tamen vel haec vel Cartesiana revocari ad usus 
posset J necessaria tollendae erant Fraotiones et Radicales, Ob huius itaque 
Calculi imperfectionemy introductus est ille alter Celeberrimi Leibnitii^ 
qui insignis Geofnetra inde est exorsus^ ubi Barrovius aliique desieranU 
Porro hie ejus Calculus in Regiones hactenus ignotas aditum fecit ; atque 
ibi tot et tanta patefecitj quae vel doctissimos totius JSurcpae Mathematicas 
in admirationem canjeceruntj etc, 

Hactenus Hospitalius, Non videraJt nimirum Newtoni Analysing neque 
Epistolas efus 10 Dec. 1672, 13 Jun. 1676 et 23 Oct. 1676 datas: quarum 
nulla ante annum 1699 tgpis publicata est: nescius itaque Newtanum 
haec omnia effecisse atque indicasse LriXmitio^ Leibnitium ipsum arbitrattis 
est inde incepisse ubi desierat Barrovius. 

Instead of naming the Marquis de PHdpital as the author of the 
Analyse des infiniment petitSj published in 1696, it is at last time that 
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we should attribute this important book to its true author John 
Bernoulli, though THdpital represents himself to be its author: In 
Bernoulli's opera lY. p. 387 — 558, we read : Johannis BemauUii Lectiones 
nuUhematicae de methodo integraltum (dtisque conscriptae in usum lUi 
March, Baspttalii cum auctar Pariaiia ageret Annia 1691 et 1692 Lectio 
prima : De tuUura et Calculo inJtegralium. Vidimus in pro/ecedentibus 
[InteUigitj says the note, Lectianea in calculum differentialem quae 
praecesseruntj quasque eupprimendaa duxitj siquidem omnia quae in 
lectionHma iatia cantinentur ab Haapitalio rdata Juerunt in librum suum 
quern inscripsit Analyse des infiniment petits). 

Upon this same subject John Bernoulli himself writes to Leibnitz, 
(compare the edition of Gerhardt, p. 480; for ail the other editions 
do not contain this passage;) De sue aliud nihil addidit {Hospitalius) 
nisi quod tres quatuorve paginas repleat. 8ed nolim quicquam ipsi 
de hisce referas^ alihs qui jam amicissimus mihi estj eum haud duiie 
injensissimum haberem. It was thus that Bernoulli published the 
Differential Calculus, and allowed a rich French Marquis to designate 
himself as the author of the publication, 1696. 



The conclusion that the Recensio is the work of Newton, is one 
that De Morgan was not the first to arrive at, as M. Biot makes out 
in compliment to his fellow-labourer Mr. De Morgan, who simplj 
repeated this from a positive statement of Wilson's and only added 
some '^ internal evidence," saying : ^^ throughout the whole [of the Becensio) 
'^ there is not one compliment to Newton [except in quotations introduced 
" in proof of assertions) not one loord expressive of admiration^ and not 
^^ one reference to any thing he had done which he might not in perfsct good 
^^ taste have been the author of Who could have wrUten thus about 
^^Newtonj except Newton himself ^^ 

It was not then uncommon to write anonymously as Newton has 
done in the Recensio ; the practice was not merely innocuous, but so 
far useful, as the matter of the work was thus left to speak for itself. 
Also Leibnitz often wrote anonymously in the Acta Erud. and other 
places. His biographer Gruhrauer says somewhere. Observations on page 
186, y. II : '^ Dass diese Schrift aus Leibnitzens eigner Feder geflossen, 
^^ lehrt Inhalt und Schreibart : das Leibnitz darin beigelegte Lob bildet 
^^keinen Einwand; er war in solchen Dingen ganz objectiv." ^^That 
^'this piece came directly from the pen of Leibnitz, is told by the 
" style alike and the import ; the praise therein bestowed upon 
^' Leibnitz constitutes no objection to this view ; he was in such things 
" altogether objective." We see that Newton in writing anonymously 
was habitually more modest and subjective^ in the opinion not of his 
biographer, but of his eager opponent. 



The new edition of the Commercium EpiaU^ which appeared in 
France, cannot be said to possess much value. Of the variations 
of the first from the second edition, there was but one, to which 
Professor De Morgan himself, who has discovered their existence, 
could attribute the smallest consequence, (and since 1848 now that 
the question about the letter of the 10th December 1672 depends 
no more upon the silence of Leibnitz, even this variation is no longer 
worth any attention) ; all the others have never been of the slightest 
importance. What are we then to understand, when the French 
edition makes these petty variations the pretence for its publication? 
Why do not Messrs. Biot and Lefort tell us, that which was remarked 
here by that very Professor De Morgan to whom they and we are 
indebted for these various readings? ^^ Tlwse who are acqiuitnted tvitk 
^^ the bibliographical habiia of the beginning of the last century wiU not 
^^ impute vnlfal unfairness even to atich additions and suppressions as 
" some of those I shall have to describe.^^ These are De Morgan's own 
words, and it is readily comprehended that the very number of the 
additions makes them so easy of detection, and therefore a disingenuous 
intention about them quite impossible. The French edition complains 
naively, that all these additions are not favourable to Leibnitz. Messrs. 
Biot and Lefort should not have found this surprising, for indeed the whole 
Commercium Epistolicum is unfavourable to Leibnitz; but there is an 
inexactness even in their statement which has been already previously 
acknowledged by Professor De Morgan, who has remarked that the 
non-mention in the first edition of the year of CoUins's death was 
more serviceable for an attack upon Leibnitz than the citation of this 
date in the second edition. The French editors of the Comm. Ep. in 
1856, Messrs. Biot and Lefort, misunderstand moreover what is 

M 
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written in the German language and so give for instance as a post- 
script to Bernoulli, what was never a postscript, (Gerh. Works of 
Leibnitz, Pt. 3, p. 66 to 73, and Biot and Lefort, loc. cit., p. 266) which 
has a veiy comic effect, for in Biot and Lefort's edition the letter 
now runs : Ceterum an earn mihi animi jparmtatem tribuia^ ut tUn vel 
JrcUri tuo sucoenseam^ si qw>s in Barrcvio u$u8 perspexistig quo8 mihi^ 
inventionum cantemporaneoy ah eo petere necesde nan fuit; and the 
Postscript runs: P. P. An earn in me animi parvitcUem putasy ut vel tibij 
vel D. fratri tuo^ succenaeamj si vos in Barromo usus perspexistis^ quos 
mihij inventionum cantemporaneo^ ah eo petere necesse non fuit, M, Lefort 
accordingly believes that Leibnitz repeated his letter in his postscript. 
We know whence this proceeds. M. Lefort did not understand the two 
German lines, which Gerhardt introdaced at p. 71. This new edition 
would have been somewhat useful, if it had furnished the correspon- 
dence of Leibnitz with Newton after the first edition of the Commer^ 
dum after 1712, but though this is promised in the Table of Contents, 
the tei^t gives, in lieu thereof, merely little politic abstracts of these 
later letters, and there is nothing about Gerhardt's Tracts^ because 
unfortunately the French editors do not read anything which is German.* 



* It may be also presumed that the principal editor, M. Lefort, does not 
undentand English, for otherwise M. Biot would not have signed the single citatioii 
at p. 45 with the initials J. B. B., while all such other citations are signed Lefort. 
M. Lefort says, in a particular observation at page 248 : Je ne m^ erois pas oblige 
de 8uivr$ Parthographe de Pouvrage de sir 2>. Brewster, Quand on voit eerii, par 
exemple tome II. p, 429 cognitampour cognaUtm etp, 436 tr^e-'eemhlepof/arMB-humhUt 
on peut eraindre que leeipreuvee n*aient pas ete refsues par unepersonne assesifamilihrey 
avee les Idngues iatine et fran^aise. M. Lefort as we see piques himself upon his 
knowledge of his native French language. But if he is so strict with the orthography 
of the two languages, Latin and French, of which the latter may in tome degree 
be known to him, we remark that the person to whom he entrusted the ooneotioa 
of the only five German words that appear in his edition, should, in the word 
Schriflen, p. 287, have made the first letter a capital, because we have here a noun- 
substantive, like the others, in which this person has employed a capital letter, and 
that M. Biot might have instructed M. Lefort, that though Sir David firewstar is 
here reprimanded for an orthographical error, yet through this whole reprimand it 
would orthographically have been correct to have written Sir, with a capital S, 
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We repeat that people in Grermanj will know better how to defend 
LeibnitSf which also is not the object of Messrs. Biot and Lefort. 
Fermat's name must positively not be forgotten; it is on this account 
that the French will have their say in this controversy; on this 
account dear water must be muddled; on this account they put 
themselves on the weaker side, because it would look too extraordinary, 
if France were to designate Newton as the sole inventor, and slip in 
Format At this people would smile still more, as also now they 
smile; tor whatever is done, no one relishes that Format sauce. 
The controversy about the discovery of the Differential Calculus is a 
question between England and Germany, from which the French must 
keep their finger away ; let them come in honourably, if they like it, 
as judges; but if they want to make an independent party in the 
contest, we must shut them out, and fight by ourselves; the weaker 
party even disdains such equivocal succours. What Leibnita did 
for the Differential Calculus, even if he did not discover it, is at 
any rate infinitely more than Fermat has done, as, indeed, no French- 
man before the middle of the succeeding century, achieved anything 
at all therein; for all that L'Hdpital, the rich and influential, 
appropriated to himself, he had in reality taken from Bernoulli, who 
was silent because his Lectiones were splendidly paid for by the 
Marquis. As L'Hdpital and Bernoulli, 1696, did not know what 
the Camm. EpiatoHcum communicated to them, so in 1712, the Comm, 
Epist. and Newton himself were ignorant of what Gerhardt has com- 
municated to us, viz. that Leibnitz had perused Newton^s Analysis. 
Where would this question now be, if Newton had been able to 
lay before the public the clandestine Leibnitzian excerpta without 
date out of his Newton's Analysis? Then would Bernoulli, the honest 
Bernoulli, whom Leibnitz betrayed, have been unable to strive in his 
behalf, and Leibnitz himself would have been obliged to couch his lance. 
And while this ia the question, Messrs. Biot and Lefort go collecting 
little various readings of a book, which being but too moderate did 
not once intimate what Newton scarcely suspected. This edition of 
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Messrs. Biot and Lefort's is indeed everywhere a singular one: for 
instance at p. 196, M. Lefort has revealed to us that Leibnitz had 
found the exact quadrature of the circle. Every one who reads what 
is there quoted, will understand us. On page 199 M. Lefort says: 
En ritablissant encore (/) id un paragraphe omis ou tronqu^^ fat voulu 
montrer V esprit qui a prisidS aux extraits du Commercium Eptato- 
licum {de 1712) et rSduire h sa juste vcUeur le certificat d* impartiality 
dSlivrS par V AhhS Conti aux iditeurs. Here that which is evident 
is only the malice of M. Lefort. He himself, or anybody else would 
have left out what is here missing, because it speaks irrelevantly 
about the solutions of equations, as irrelevantly as if it had spoken 
about M. Lefort. At page 204 Biot and Lefort say that Newton's 
second letter of 24th October was nine months in reaching Leibnitz, 
^^par suite de ses nombreux twyo^es," " in consequence of his nume- 
rous travels.'* Leibnitz merely travelled from London passing through 
Holland to Hanover, in not quite two months, for he arrived 
(Gerhardt I. p. 27) at his destination (Hannover) in December. The 
words of Oldenburg (in Gerhardt's Math. Works of Leibnitz, I. 
p. 151,) dites done J s'il vous plait j si je dois bailler la grande lettre de 
Newton^ and the suspicious word Hodie (Gerh. ibidem, p. 154, cf. Conmi. 
Ep. of 1712, No. LXVI.) even gives us reason to apprehend that 
Leibnitz had already read the letter of 24th October in London, and 
that it was but officially that afterwards, nine months after it was 
written and five months after his arrival in Hanover, he had it sent 
to him once more. 

At p. 285, M. Lefort says: Si la publication du Commercium 
Epistolicum en 1712^^^ UTie oeuvre de parti^ que dire de sa rSimpression 
en 1722, six ana aprhs la mort de Leibnitz f Dans cette pritendue 
rSimpression^ le nouvel Sditeur oorrige^ ajoute^ retranchcj interpole^ com^ 
mente; et la passion Vavettgle an point qu^il Scrit^ sans Vy voir^ sa 
propre condamnation dans Vitonnante jn^ de poUmigue qui risume le 
livre auquel elle sert de priface. 

So says M. Lefort without ftirther additions. We leave to the reader 
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the satiBfaction of discovering for himself, "what jn^ ^tonnante this is, 
in which Newton has done so much towards his own prejudice, for 
M. Lefort has clearly enough designated the pi^^ but the incredibility 
of his verdict forces one to be a long time in search of what he 
has meant. 



M. Gerhardt is completely thrown oat of his saddle, bj his sappositton 
that when in a paper Leibnitz's writes 8 pro omne he thereby invents 
the ^^ Integral'' calculus, and that this had preceded the later 
inyention of his Differential Calculus. Thus M. Gkrhardt gets quite 
into an ill-humour with John Bernoulli, and says of him, '^ that he 
^^has all his veins filled with unmeasured and extravagant pride and 
pretensions" ^'er strotzt durch und durch von ungemessenem Stolz 
^' und hdchster Anmassung" (Leib. Works, III p. 113), adding at 
p. 115, ^^ in general John Bernoulli is considered as the discoverer 
'^of the Integral Calculus," and that Leibnitz discovered the Integral 
and afterwards the Differential Calculus. ^^But for the reason, that 
^'as regards the Differential Calculus, he was able to exhibit general 
^'propositions, he therefore made this publicly known and kept back 
'* the Integral Calculus, in which he was unable to exhibit any general 
'^ method." '' AUgemein hfilt jnan Job. Bernoulli flir den Entdecker 
^^Aer Integralrechnung," Leibnitz babe die Integral-Rechnung und 
spater erst die Differenzial-Rechnung entdeckt. '^ Aber aus dem Grunde 
'^ wahrscheinlich, dass er ftbr die Differenzial-Bechnung allgemeine 
'^ Lehrsfitze aufstellen konnte — aus diesem Grunde machte er allein die 
'^ Differenzial-Bechnung bekannt und hielt die Integral-Bechnung, Air 
'' welche er solche allgemeine Methoden nicht aufstellen konnte, zuriick." 
We have sufficiently remarked that the first discovery of the Integral 
CalculuSj as summation, did not wait for Leibnitz, inasmuch as Wallis 
had written a book upon the same as early as 1657. On the other 
hand the invention of the Integral Calculus, in the higher sense, as 
is commonly and justly supposed, was not only not first achieved by 
Leibnitz, but in this sense was only achieved by John Bernoulli. 
Gerhardt falls into a glaring contradiction after this violent attack upon 
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BemooUi: for at p. 114, loc. cit.y Gterhardt aays, that the first letter 
(from Bemoullt) to LeibnitB is full ^^ of the most adulatory praises of 
^' the latter ; " and hence ^^ because Leibnitz was at no time inaccesmble 
^^ to such offerings/' (toU '^ der schmeichelhaftesten Lobeserhebungen des 
^letztem," und daber ^^weil Leibnitz fUr dergleichen durchaus nicht 
*^ unempf&nglich'') this correspondence between these two be-came, sajs 
Gtorhardt, the most voluminous of all. How does this agree with 
Grerhardt^s just now quoted statement about Bernoulli, that " his veins 
^'were filled with unmeasured pride and extravagant pretensions?'' 
The fact is, that Bernoulli does not manifest either of these extremes 
in his character, and that Gterhardt is merely disconcerted, without 
exactly knowing why, but in the feeling that his Theory, of Leibnitz 
having first invented the LitegnJ Calculus, and then the Differential, 
will in what he here has to say about Bernoulli not suit at all — an 
idea, according to which one should cease to designate Leibnitz as 
the inventor of the Differential Calculus, and since even the word 
Litegral is an invention of Bernoulli, one would have to make Leibnitz 
the inventor of Wallis's summatory idea, which new view though it 
would at first have astounded Leibnitz, might perhaps on closer 
reflection have suited him just as well as it now suits Grerhardt. The 
only thing wanting is that M. Gerhardt should get out of temper, not 
with John Bernoulli alone, towards whom he is quite ill-disposed, but 
also against Leibnitz, because the latter supposed that he had invented 
something else, which does not suit M. Gerhardt. Again John Bernoulli 
at last, (Works of Leibnitz, III., p. 132,) is praised by Gerhardt even 
more than there is reason. " After his (Leibnitz's) death," we read, 
"the controversy" (about the discovery of the Differential Calculus; 
cf. p. 131, from the words nicht offmtlich^) "was openly taken up by 
" John Bernoulli, and maintained triumphantly to the signal discomfiture 
" of the English." " Nach seinem (Leibnitzens) Tode wurde der Kampf 
" (ttber die Erfindung der Differenzial-Rechnung cf. S. 131. die Worte 
" ^ nicht offentlich') von Seiten Job. Bernoulli's offen aufgenommen und 
"siegreich mit grosser Demiithigung der Englander gefiihrt." Now 
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this again is Incorrect. On the contrary John Bernoulli, after Leibnitz's 
death, apologized to Newton, as appears from the letter of his to Newton 
which is so well known and quoted also by Lefort (page 250.) In 
this and all his last letters (cf. Brewster, II. 504, Edleston, page 169, 
note) John Bernoulli courts the friendship of Newton, assuring him, 
that it was not true, as Leibnitz treacherously said, that he (Bernoulli) 
had ever written anonymously on the question against Newton, though 
this was true. Where have we here a controversy with the at last 
discomfited Newton? No! No! Newton's claims are too firmly 
established. '^ All controversy about the discovery is at an end," cries 
Gerhardt in behalf of Leibnitz. Gerhardt begins triumphing too soon, 
and this is our excuse for speaking too strongly perhaps against Leibnitz, 
whom clever Frenchmen extol so high, and for Newton whom Gerhardt 
courageously defending a German great man, could and dared not 
appreciate. 



In order to show how clear, one might almost say how over- 
clear, if this were possible, a question can be made in France, when 
there is no deliberate intention of perplexing it, let us quote at full 
length Montucla's judgment (in his History of Mathematics, ill. p. 109). 

n est temps J says Montucla, de nous rSsuTner^ et cTabord an ne peut 
douteTj que Neutan ne sott le premier inventeur des calculs dont il s^agiU 
Les preuves en sont phis claires que le jour ; mats Leibnitz est-il cou' 
pable d* avoir puhliS comme sienne une ddoouverte qu^il auroit puisee 
dans les icrits mime de Neuton? c'est ce que nous ne pensons pas. Dans 
les deux lettres de Neuton^ communique h Leibnitz^ on ne voit que des 
rSsidfxits de la mithode ou des deux miihodes employees par Neuton ; 
mais non leur explication, Un homme douS d*une sagacitS transcendante 
tel qu^itoit Leibnitz^ n'a-t-il pas pu itre excitS par Ih h rechercher les 
moyens employis par Neuton et y rSussir ; d^autant que Fermat, Barrow 
et Wallis avoient ouvert la voie. En effet si Von considhre combien peu 
il y avoit h faire pour passer de leurs mSthodes au calcul diffSrentiel ; 
il paroitra^ ce senible^ superjlu de rechercher ailleurs Forigine de ce dernier : 
car ce que Barrow disignoit par e et a n^Stoit que les incrSmens ou di- 
crimens simultanis de Vabscisse et de Vordxmnie^ lorsqu'ils Stoient devenus 
assez petits pour pouvoir retrancher du calcul leurs puissances supSrieures 
h la premih'e : or en supposant^ par exemple^ cette Equation a?" = fty*, le 
calcul de Barrow donnoit ^a?e = 2bya ; de mSme VSquation x* = bSy donnoit 
^e = Bba. L^ analogic conduisoit done h remarquer que si Von avoit 
oT =y on devoit avoir noT'^e = a, quelque fdt le nombre n, entier ou 
fractionaircj positif ou nSgatify et consSquemment V incrSment^ par exemple^ 

/~ . 1 

de NX ou x^ devoit se trouver - x^'^e : ou au lieu de e, mettant une carac- 

2 ' 

thistique qui donne h reconnoitre son origine^ comme dx {c'est celle qu^a 

N 
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chaisie Leibnitz) vailh Ticueil des irroHanalitta dSclinS et U passage du 
ccdcul de Fermatj Barrow et WaUia au calcul diffhrentiel de LeibniUj 
et de cette eeule observation dSpendent tautes lea opfrationa de ce calcul. 
Ajoutons^ quant au calcul inverse^ que WaUia avoit dSfh dSsignS lea 
SUmena dea airea dea courbea par la rectangle fait de Vordomnie et d'une 
portion infiniment petite de Vabaciaae qu^il nammoit A^ de aorte que 

T&iment de Vaire du cercle 4toitj par eacemple^ A ^aa -^ xx* H avoit 
auaai rSduit h de aemblablea expreaaiona lea iUmena dea longueura dea 
courbea^ et whne par une a/nalogie fondie aur la reaaemhlance du petit 
triangle caracttriatique avec celui de la aoutangentCj de la tangente et de 
PordonnSe. 

It is clear Montuda does not do the same thing with Biot, (whom 
however, since he has miited on his head the three crowns of the 
Academy^ an honor that falls to the lot of few mortals, one must 
look upon as the greatest man in France) — ^for he counts Wallis 
among those qui ont preparS Vinvention au dixaeptOme aihde^ and we 
may therefore choose to let it pass that Fermat is here also named 
in too good company perhaps rather conspicuously. 



DateDB's edition of Leibnitz's Mathematical works, (Ft. 3 of the 
Opera), published after Leibnitz's death 1768, is prefaced, as is but 
reasonable, with an eulogium upon Leibnitz by Joucourt; we never- 
theless in this veiy shrine of Leibnitz's highest glories read not that 
which none would have ventured to say except the Journal des Savants, 
viz. that Newton had not as yet discovered all; but Joucourt, the 
geometer, the biographer and panegyrist of Leibnitz, says here in 
Leibnitz's works. Preface p. zxxix. at the end of his history of 
the invention — Newtonum fateor^ pro med CBstimationey jfrtmum inventarem 
fiiiese calculi dijfferentialit ; and thus these Opera Letbnitii of Dutens 
or Joucourt, which is as much as saying Leibnitz himself, do not go 
so far in the praise of Leibnitz as Biot, but only so far as Montucla 
does. 



N2 



The first letter which Leibnitz wrote to Galloys, one of those 
inferior geometers in Paris, at the time when he himself was there, 
is significative for the illustration of his doings in mathematical affairs 
in general. We give this letter (see Gerhardt's Edition, I., p. 177) : 

Une indisposition m^a empechi de faire ma cour cette semaine comme 

je me Festois proposS, (Test pourquoy je Vous supplie de supplier par 

vostre honte au defaut de ma presence^ si r occasion se presente de parler 

utilement de V affaire qui vous est renvoySe^ est fespere que vos faveurs 

seront bientost suivies d^un succ^ favorable, 

Je rCay pas os6 ecrire h Mons. le Due de Cheureuse^ de peur d* abuser 
de la grace qu*il ms fait de ne me pas rebuter enti^rement^ lorsque je 
viens quslquesfois luy faire la reverence, Mais je sgay que Vos recomr 
mandations serviront bien mieux h ms conserver Vhonneur de la protection 
que tout ce que je pourrois Scrire. 

Comme je ne veux pas abuser de vostre tempsj qui est dH au public^ 
et h des personnes pour lesquelles le public sHnteresse y je ne veux adjouter 
que le recit d^une petite conqueste que je viens de faire sur r Hyperbole, 
Tout le monde sgait qu* Archimede a donnS la dimension de la Courbe 
du Cercle en supposant la quadrature de la figure. Messieurs HugenSj 
Wdllis et Heuraets out fait voir que la Courbe de la Parabole depend de 
la (Quadrature de V Hyperbole, Maispersonne a donni encor la dimension 
de la Courbe de V Hyperbole par la Quadrature de son espace ; non pas 
m^me de ceUe. de F Hyperbole prindpale^ qui a hs asymptotes h angle 
droit et les costez rectum et transversum 4gaux^ et qui est entre les 
Hyperboles ce que le Cercle est entre les Ellipses, J^en suis venu h bout 
h la fin par un effort d* esprit sur ce que Mons, Oldenbourg m^avoit icrit 
dipuis pen que Messieurs les Anglais Vavoient chercMe^ et la cherchoient 
encor sans succ^, Cela m*anima h faire une petite tentative^ d^autant 
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plus qtteje s^vots que Mons. Gregory {qui est grand OeoTnetre sans doute) 
y avoit renancS en quelque fa^an puhliquemeni dans sa Oeometrte des 
Courvilignes. Mats je vous en parleray plus amplement^ quandfauray 
Vhonneur de vous saluerj cependant je me dis etc. 

This letter is dated Paris, 2nd November, 1675. Oldenburg's letter 
{que M, Oldenbourg m^ avail Scrit depuis peu^) which Galleys indeed 
was not acquainted with, is known to us ; it had just come fresh from 
England, and is dated 30th September, 1675; it runs as follows: 

Oldenburg to Leibnitz: — scire cupisj an dare Nostrates Oeometrice 
possint dimensionem Curvae Ellipseos aut Hyperbolae ex data Circuli aut 
Hyperbolae quadratura, Bespondet Collinius^ iUos id praestare non posse 
Oeometrica praecisume^ sed dare eos posse efusmodi approximationesj quae 
qtuxcunque quantitate data minus a soopo aberrabunt. Et speciatim quod 
attinet alicujus arcus Circuli rectificationemj impertiri Tibipoterit laudatus 
Tschimhausius methodum a Chregorio nostra inveniam^ quam^ cum iUe 
apud nos esset^ CoUinius ipsi communicavit. Thus it is not true, that 
Oldenburg had written : ^^ que Messieurs les Anglais le cherchaient sans 
^^succ^;^^ for Leibnitz himself had not sent to Galleys that quadrature 
or rectification of the circle or hyperbola, which now remains and for 
ever will remain an impossibility, but only an approximation to it; 
but that very thing which Leibnitz pretends to have discovered, 
sneering at the English for not having done so, he obtained through 
the English, and rediscovered it after them. Even here the excuse 
remains, that what Leibnitz sent to Galleys, was perhaps not the 
same thing as he got from Tschimhaus; but he concealed the 
fact that he had got something from that quarter. This was his system. 
^^ Messieurs les Anglaisj^^ says Leibnitz, while on the contrary (see 
G^rhardt, I. p. 55,) he calls his French geometers nostras geometras 
characterizing himself as a Frenchman, as indeed he was. From 
Messieurs les Anglais Leibnitz gets his wisdom, petitioning them for 
that which as yet they had only in an unprinted form, and then he 
writes,^^ n^ai pas pu vousfoire la cour^ and Je viens de /aire une petite 
conquite sur r hyperbole. In this Messieurs les Anglais the whole matter 
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is comprehended. Let it not be said that TschirnhaoB^ to whose 
English mathematical docaments Leibnitsi was referred, perhaps kept 
these back — so that Leibnitz could not in this way make his oanqui^ 
of what the English had conquered; for of the intimacj between 
Tschimhaus and Leibnite we now first learn fix>m Gerhardt that it 
wu as dose a. poarible (see p.«e 34, where this intinucy U already 
mentioned). Thus Leibnitz writes, petitioning favours and returning 
thanks to Ihigland; but when he has to do with his friends on the 
Ciontinent he assumes the pretension of having no need of the English, 
calls himself the pupil of Huyghens only, and sneers at Mesneurs lea 
Anfflaisj while he is paying court to such people as Galleys. 



If people will not admit the oorrectness of Boerhaave's expreasioD 
as applied by Kant to Leibnitz's character, then they must aver, that 
Leibnitz was the most fortunate man in literary matters that the 
woild has ever seen. For, although he corresponded with the original 
discoverer of the Differential Calculus, he invented it independently 
after it had been discovered, being in no way influenced or assisted 
by the fact that his bosom friend had a tract on it in his desk. Again, 
at a later period, when Leibnitz, at once desirous of concealing his 
^soovery in reality, and of appearing to disclose it to the world, was 
requested by James Bernoulli to explain what he had or had not 
invented, this letter of Bernoulli's did not come into his hands till 
three years (I) afterwards, when Bernoulli had discovered by his 
own diligence that which Leibnitz chose not to tell him: and in 1689 
Leibnitz wrote in the Acta Eruditorum de motu corparum ccdestium^ 
without noticing Newton's Principia, in which this matter was treated 
of; the work having existed for the rest of the world since 1687, but 
for Leibnitz not tiU after he had given its contents, as discoveries of 
his own, in his Memoir. Thus Leibnitz must have made himself, if 
not purposely yet de facto Lord of Time, and if a fact took place too 
early for him he let it lie, and did not take it up until such time 
as suited him. Newton's letter of 24th October, 1676, was especially 
submissive and obedient to the fortune of Leibnitz, for not only did 
this letter not reach him, until after he had committed the Differential 
Calculus to paper as his own discovery, but in the interval (of nine 
months!) between the date of this letter and Its deliveiy, Leibnitz 
was expressly asked whether it was his pleasure that it should come: 
dites danc^ si je dots vous batller la grande lettre de Newton; the 
person to whom it was entrusted, considering even a copy of this 
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letter so precious, that it could not be confided to the post, although 
the original was on every account to remain in London. Thus Leibnitz 
gained a considerable space of time, and had it in his power, when his own 
invention was quite ready to come out, to answer Newton in a grandiose 
style on the very day of the arrival of that nine-months'-old letter; 
Accept [hodie (!)] literaa tuas sane pulcherrumas ; e veatigio remitto in- 
ventum meum^ quod a tuo^ quod celdsH^ non ahludiU How much less 
considerable would have been the glory, if the letter, instead of thus 
doing homage to the fortune of Leibnitz, had not enquired when it 
might be allowed to come. Now there are in the life of Leibnitz 
many such lucky incidents. Of a last quite trifling piece of good 
fortune, — that Leibnitz was able to make extracts Arom Newton^s 
manuscripts, without Newton's knowing it, and that this, after the 
lapse of a century, can be so innocently narrated, and should not at 
all look as if it could not readily be explained as one of the miracles 
of the fortune of Leibnitz, — of this we need not speak. M. Gerhardt 
says that Leibnitz, without being obnoxious to any blame, could make 
extracts from his competitor's manuscripts. 
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I will add in this English Edition a short remark on Oldenburg's 
position of the 28th October, 1676, — ^in reference principally to two 
letters of Newton, which are given by the Rev. Mr. Edleston, (p. 257, 
seq. Com. Ep. with Cotes,) and which are therefore here copied from 
Edleston's book: 

NEWTON TO OLDENBURG. 
&^ Octob 26. 1676. 

Two days since, I sent you an answer to M. Leibnitz's excellent 
Letter. After it was gone, ronning my eyes over a transcript 
that I had made to be taken of it, I fomid some things w^^ I 
could wish altered, & since I cannot now do it my self, I desire 
you would do it for me, before you send it away. 5 

In pag : 3. Sect : Pudet dicere.] for a D. Barrow tunc Matheseos 
Professors write only j?er amicum^ 

Pag: 5. Sect: At quando.] After qutbuscum potest comparari ; 
write ad quod sujjicit etiam hoc ipsum unicum jam descriptum 
Thearema si debits canctnnetur. Pro Trinatniis etiam et aliis qui- 10 
husdam Regulas quasdem concinnavi &c. 

Pag: 6. Sect: Quamvis multa.] Where you find y* words 
Chefforianis ad Circulum et Hyperholam editis persimileSj for per- 
similes write affines^ 

Pag : 9 or 10. Sect : Theorema de.] for error erit — + -— + &c. 15 

«• «* 
write error erit — -f- t^ + &c. 

Pag: 6 vel 7. Sect: Quamvis multa.] about ye end of y* section 
tarn plenariam into plenam or rather blot y* word quite out. 

o 
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Pag: ult. vel penult. Sect : TJbi dixi]. write aolubilta for aoluttlta. 
20 And if 70a observe any other such scapes pray do me y^ favour 
to mend them. So in pag 5 or 6. Sect. Quamvis multa.] It may 
be perhaps more intellig {ib} le to write evOvyaei for euthunsi. 

Pag 8 or 9. Sect : Per seriem.] After y« words produci ad 

muUoB figuraa : you may if you please add these words, uJt etjnmendo 

25 summam ttrmtnorum 1 — f + i — tV+tV~A"*"1jV""A' + A^ ^^ 

ad totam seriem l-i + i-f + i-T*r + ^ *** 1+V2<k?2. Bed 

optimus ejus tisus dkc, 

I feare I have been something too severe in taking notice of 
some oversights in M. Leibnitz letter considering y^ goodnes & 
30 ingenuity of y" Author & y^ it might have been my own fate in 
writing hastily to have committed y« like oversights. But yet they 
being I think real oversights I suppose he cannot be offended at 
it If you think any thing be exprest too severely pray give me 
notice & I'le endeavour to mollify it, unless you will do it w*^ a 
35 word or two of your own. I believe M. Leibnitz will not dislike 
y« Theorem towards y* beginning of my letter pag. 4 for squaring 
Curve lines Geometrically. Sometime when I have more leisure 
it's possible I may send him a fuller account of it: explaining 
how it is to be ordered for comparing curvilinear figures w*^ one 
40 another, & how y* simplest figure is to be found w*^ w«^ a pro- 
pounded Curve may be compared. 

S"" I am 

Yo' humble Servant 

Is. Newton. 

45 Pray let none of my mathematical papers be printed w^ut 

my special licence. 

Some other things in M. Leibnitz letter I once thought to 
have touched upon, as y® resolution of affected SBquations, & y^ 
impossibility of a geometric Quadrature of y* Circle in w*^ M. 

50 Gregory seems to have tripped. But I shall add one thing here. 
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That y* series of sBquations for y® sections of an angle by whole 
numbers, w^ M. Tschumhause saith he can derive by an easy 
method one from an other, is conteined in y^ one sequation w^ 
I put in y® 3^ section of y® Problems in my former letter for 
cutting an angle in a given ratio, and in another »quation like 55 
that. Also y^ coefficients of those eequations may be all obteined 
by this progression 

«— Oxn— 1 n— 2xn— 3 n— 4xn— 5 n— 6xn— 7 p 

1 X .. ^ - X — -— X —T r— X — x&c. 

lxn-1 2xn'2 3xn-3 4xn-4 

The first coefficient being 1. y® 2^ 



^ n — Oxn-1 _.«^ n — Oxn— 1 n — 2xn — 3 « 

1 X 7— . y* 3d 1 X — — X — rr— . &C. 60 

lxn-1 -^ Ixn— 1 2xn-2 

& n being y* number by w^^ y* angle is to be cut. as if n be 5. 

then y* series is 1 x - — - x - — ;r x - — - that is 1x5x1x0 & 
^ 1x4 2x3 3x2 

consequently y^ coefficients 1.5.5. So if n be 6 y^ series is 

1 X -: — = X - — 7 X -^ — - X that i8lx6x|xix0& consequently 
1x52x43x3 ** ^ "^ 

y coeffidents 1.6.9.2. This scrible is not fit to be seen by any 65 

body nor scarce my othei^ letter in y* blotted form I sent it, 

unless it be by a friend. 

For Henbt Oldenbxtbo Esq: at hi» house 
about y^ middle of xj^ old Ptd-maU in 
Wutmineter London. 



NEWTON TO OLDENBURG. 

S' 
I am desired to write to you about procuring a recom- 
mendation of us to M' Austin y^ Oxonian planter. We 
hope yo' correspondent will be pleased to do us jr^ favour 
as a8{«tc} to recommend us to him, y^ we may be furnished 
w*** y* best sorts of Cider-finit-trees. We desire only about V. 

02 
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30 or 40 Graffs for y* first essay, & if those prove for o' 
purpose they will be desired in greater numbers. We desire 
graffs rather than sprags that we may y® sooner see what 
they will prove. They are not for M^ Blackley but some 

X. other persons about Cambridge. But M' Austin need only 

direct his letters to me or to M^ Bainbrigg fellow of o' 
College. In y* mean time we return o' thanks to you & 
your friend for y. good wUl you have already shewn us. 

M*^ Lucas letter I have received, & hope to send you 

XV. an answer y* next Tuesday Post. I thank you for your 

care to prevent their prejudicing me in y® Society, as also 

for giving me notice of y« things miswritten in my Ute 

letter. In pag 3 "p words you cite should run thus. Cujus 

2x2x2 
triple adde Log. 0. 8, siquidem sit — .— — = 10. But in 

XX. pag 8 y* signes of y* series 1 + ^ — i — l + i-h&c are rightly 

put two + & two — after one another, it being a different 
series from y* of M. Leibnitz. But in y« next two or 3 
lines, to prevent future mistake you may if you think fit, 
after y* words rea tardiua cbtineretur per tangenteni 45^, add 
XXV. these words juxta aeriem nobis communiccUam, 

Seing y* letter is still in yo' hands, you will do me y* 
favour to make these further amendments 

Pag. 3 Sect [Pudet dicere] cum D, Collinsio for ad D. 
Collinsium 
XXX. pag. 5. Exempl. 4 after y* words vel quxbtis Itbet dig- 

nitatibus binomii cufuscunq: add Itost non directs vbi index 
dignitatis est numerus integer, 

pag 6 or 7 in y® end of y^ section quamvis multa I desire 
you would cross out j^ words adeo ut in potestate haheam 
XXXV. descriptionem omnium curvarum istitis ordinis qucB per 8 data 
puncta determinantur. And in y* 2* sentence of y* next 
section I could wish these words also numero injinit^ muUas 
were put out. 
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pag 9. Sect [PrcBterea qtujeJ] for mthi quidem hand ita clara 
sunt put nandum jpercijno. And after a line or two where XL. 

you see y« words et certk minor est labor^ put out certe. 

Bj these alterations S^ you will oblige 

Yo^ humble Servant 
{Tuesday} Nov. 14 1676. Is. Newton. 

From these two letters, and particularly the first, it becomes very 
probable, that on the 28th October, 1676, when Newton's letter of 
the 26th arrived, Leibnitz was actually in London. We know that 
Leibnitz was in London for ^^<me week in October f'* (Collins writes: 
^^ AdercU hie Dom. Leibnitius per unam septimanam in mense Octobris / 
"tn reditu suo ad Ducem HannovercB^^ see Collin's letter to Newton, 
dated 5th March, 1677, given in the Commercium JEp.j No. LXV;) 
and the word send in line 6 of Newton's first above cited letter of 
the 26th October, shows I think, that Newton at that time had no idea 
of Leibnitz's intention of visiting London, and no knowledge of Leibnitz's 
presence in London at that time. Now it is but fair to suppose that 
Oldenburg would have mentioned to Newton the personal appearance 
of Leibnitz in London, if not immediately,, at least a few days aft;er 
the fact. 

Newton's not being aware of Leibnitz's presence on the 26th 
October, agrees well therefore with the supposition, that Leibnitz had 
not yet arrived in London, or had only just arrived at that date: the 
week of October spent by Leibnitz in London is hereby consequently 
proved to have been the last week of that month. 

On the contrary, Newton's letter (of the 26th October) does not well 
agree with the supposition that Leibnitz's week in London could have 
fallen in an earlier part of October; for Newton would not, while he 
knew that Leibnitz was bound for a further journey, have spoken of 
sending the letter at once away ; and would not, in his letter of the 14th 
November, line 26, have used the words ^' seeing" &c., if already, 
when he wrote his former letter, such knowledge had been in his 
possession. 
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We may therefore say that Leibnitz's week falls at the very end 
of October, which also agrees with Leibnitz's presence in Amsterdam 
on the 18th or 28th November, 1676, (his letter from Amsterdam bears 
that date — see Com. JEp.^ loco cit) and (agrees] with Guhrauer's words, 
^'In October, 1676, Leibnitz quitted Paris, where it was not his fate 
" to return." (See Guhrauer's Life of Leibnitz, I. p. 170.) 

Now, under this supposition, we think that Oldenburg may be 
excused for showing, nay, was almost obliged to show to Leibnitz 
Newton's above mentioned letter of the 26th October, and consequently 
also Newton's letter of the 24th October, intended for Leibnitz. That 
friendly disposition of Newton's, which Oldenburg is desired or permitted 
to testify to Leibnitz in the 34th line of the letter of the 26th October, 
could not have been better expressed to Leibnitz, than by Oldenburg's 
confidentially giving to him this letter ; moreover in the 55th line Newton 
adds something intentively for Leibnitz. 

Let any one reflect on Oldenburg's position, I do not say as a 
friend of Leibnitz, but as a friend of Newton, and I think it will 
appear to have been very natural, nay, only right perhaps, on the 
part of Oldenburg, to have shown to Leibnitz Newton's letter of the 
26th October. 

For Oldenburg was not a great Mathematician, and he had no 
reason to suppose that there could be any slight difference between 
what Leibnitz might be able to derive from Newton's letter to Leibnitz 
of the 24th, and what Leibnitz could get out of Newton's letter 
of the 26th October, nor is there perhaps any difference between the 
two. 

But Leibnitz by reading the letter of the 24th and of the 26th 
October, was enabled to take a strong position for the purpose of pressing 
Oldenburg to show him Newton's manuscript De Ancdyai, For Leibnitz 
could with literal tmth say, that the blotted condition of Newton's 
letter to him (see the last line of Newton's letter of the 26th) had 
prevented his reading it, and Leibnitz might infer fit)m the 37th line 
of Newton's letter of the 26th, that it was only want of " leisure^^ that 
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had preyeuted Newton from giving other details (contained in the 
Analysis), 

Here then the false position in which Oldenburg had put himself 
by showing the letter of the 26th brought him into a disagreeable 
dilemma, namely between refusing Leibnitz's request (to see the Analysis) 
bluntly, and without those excuses, which Newton had used in hb 
letter to Leibnitz of the 24th : (^' quoniam jam non possum explica- 
'^tionem ejus prosequi,^') and, on the other hand, complying with 
his request. 

The excuse Newton pleaded was not an untruth in that higher 
sense of the excuse, in which Leibnitz (but not Oldenburg) was 
competent to view it; for Newton also, wbei} speaking confi- 
dentially (to Oldenburg) in his letter of the 24th October, had 
said: ^'I hope that this will satisfy M. Leibnitz, for, having 
^^ other things in my head, it proves an unwelcome interruption to 
'^me to be at this time put upon conndering these things.'' [See 
Edleston, p. LIL] But Oldenburg did not comprehend in what sense 
this excuse was meant, and must have half supposed that he was only 
requested by Xieibnitz to do what Newton, if he had had the time, would 
have done himself. Li this dilemma between having to say to Leibnitz 
more bluntly than Newton might wish, that something essential was 
kept back from Leibnitz, or else of overstraining the powers granted 
to him by Newton, Oldenburg erred, we think, by choosing the latter 
alternative, namely, of showing to Leibnitz Newton's manuscript De 
Analysi. 

It may here be remarked that Leibnitz's so called invention of the 
new calculus, in his letter to Oldenburg of the 2l8t June, 1677, need 
not have appeared to Oldenburg (the word ^^hodie^^ being omitted) 
an act of piracy in regard to Newton, on account, I mean of Oldenburg's 
friendly act in showing him Newton's manuscript De Analysi; for 
Leibnitz had chosen for his invention the tangential side of the problem, 
which to Oldenburg must have appeared unconnected with his 
(Oldenburg's) friendly action. 
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We have already Baid in a former note, that the nombreux voyages 
of Leibnitz, which Messrs. Biot and Lefort mention, as explaining why 
Oldenburg did not sooner send Newton's letter of the 24th October 
to Leibnitz, are one of those French fictions, which those gentlemen 
introduce into the case; for Leibnitz arrived in Hanover in the latter 
part of December, [see Q-uhrauer, I. p. 188,] and it is with a bad 
grace that Oldenburg telb us, that the mere copy (I) of Newton's 
letter, (the original was to remain in London) could not have been 
sent before May, (four month's after Leibnitz's arrival in Hanover,) 
because the mere copy was in Oldenburg's eyes so valuable, that it 
(the copy!) could not go by post (I) though Newton's first letter had 
gone by post, and though Leibnitz, if he had not already secretly 
received a copy of the same in London, would, we suppose, have been 
in some small degree desirous to receive it soon, and might have 
friendly blamed Oldenburg, when he answered him, for keeping a 
copy of it so long out of his sight. 

Oldenburg's position to Leibnitz indeed was not such, that Oldenburg 
should have hesitated to risk the very small trouble of having to get 
a second copy made, (which was the sole misfortune that could have 
ensued,) if by the will of God the first copy given to the post had 
been destroyed or lost. 

Indeed we cannot believe this, nor need we believe it, for Oldenburg's 
little intrigue here in his own opinion was innocent. 

All that we have said agrees well with Oldenburg's French postscript, 
in which he says, after having kept back the letter several months, 
^^ dites done si je dots voiis haiUer la grande lettre de Newton" (and 
with Leibnitz's over hasty word " hodie" in his first draft of the letter, 
when at last he did answer). 

It is interesting to add here some curious words of Leibnitz's 
answer to the Commercium Epistolicum^ 1714, and some eager words of 
Newton, drawing consequences from Leibnitz's answer. We cite from 
des Maizeaux^s Becueil IL page 5, seq., and Baphson's History of 
Fluxions, page 97, seq. 
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Leibnitz says, 1714 : '^ Je fis connaissance avec Mr. Collins dans mon 

^* second Voyage d'Angleterre k mon second Voyage Mr. Collins me 

"fit voir une Partie de son Commerce; j'y remarquai que Mr. Newton 
"avoua aussi son ignorance sur plusiemn) choses, et dit entre autres, 
"qu'il n* avail rien trouv^ sur la Dimension des Curvilignes cel^bres, 
"que la Dimension de la Cissoide.^' 

Newton answers: 

"Mr. Leibnitz instances in a Paragraph concerning my ignorance, 
" thinking that the editors of the Commercium Epistolicum omitted it, 
"and yet you will find it in the Commercium Epistolicum^ page 74, 
"line 10, 11, and I am not ashamed of it. He saith, That he saw 
" this Paragraph in the hands of Mr. Collins when he was in London 
" the second time ; that is, in October 1676. It is in my Letter of the 
"24th of October, 1676, and therefore he then saw that Letter." 

What now does Leibnitz say ? He is so far from denying that he had 
seen in London, in October, Newton's letter of the 24th October, 1676, that 
he actually asserts that he has seen at that time something more : " Comme 
"je n'ai pas,'' he says, answering Newton's words, "daign^ lire le 
" Commercium Epistolicum avec beaucoup d' attention, je me suis tromp^ 
"dans I'Exemple que j'ai cit6, n' ay ant pas pris garde, ou ay ant oubli^ 
"qu'il s'y trouvoit; mais j'en cit^rai un autre: M. N. avouoit dans 
"un des ses Lettres k M. Collins, qu'il ne pouvoit point venir k bout 
" des Sections secondes (ou Segments seconds) de Sph^roides ou corps 
"semblables: mais on n'a point ins^r^ ce Passage ou cette Lettre dans 
"le Commercium Epistolicum; i1 auroit hi6 plus sincere par rapport k 
" la Dispute, & plus utile au public, de donner le Commerce litteraire de 
" M. Collins tout entier, \k ou il contenoit quelque chose qui meritoit 
"d'etre lH; & particulierement de ne pas tronquer les Lettres, car il y 
"en a pen parmi mes Papiers, ou dont il me reste des Minutes." 

Leibnitz died soon after writing this rather confused answer, but 
Newton was so much astonished at reading it, that he said in his 
^^ dbservaiions''* upon the preceding epistle (Raphson, page 111, des 
Maizeaux^ pago 75] : 

p 
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^^ Mr. Leibnitz acknowledges, that when he was in London the second 
^^ time, he saw some of my Letters in the hands of M. CoUins, especi- 
" aUy those relating to Series; and he has named two of them which he 
"then saw, mz. that dated the 24th of October, 1676, and that in which 
" he pretends that I confessed my Ignorance of second Segments. And 
" no doabt he would principally desire to see the Letter which contained 
"the chief of my Series^ and particularly that which contained those 
" two for finding the Arc by the Sine, and the Sine by the Arc, with the 
"Demonstration thereof, which a few months before he had desired 
" Mr. Oldenburg to procure from Mr. Collins ; that is, the Analysis per 
^^ cequationes numero terminorum infinitas. But he tells us, etc.'' 

Here we see that Newton, from the curious admissions of Leibnitz, 
began at last half to suspect that Leibnitz might have " made extracts*^ 
from his "Analysis." Qerhardt and Biot and Lefort now tell us 
that this half suspicion of Newton is well founded. 



I take the liberty of cofjiag here Edleston's Synoptical view of 
NewUnCa Life: — 

1642 Dec. 25. Isaac Newton bom at Woolsthorpe, near Grantham^ 
Lincolnshire. 

1664 Feb. 19. Observations on two halos about the Moon. 

1665 May 20. Paper on fluxions,* in which the notation of point 

is used. 
Nov. 13. '^ Discourse" on fluxions and their applications to 
tangents and curvature of curves.t 

1666 May 16. Another paper on fluxions. 

Octob. Small tract on fluxions and fluents with their applica- 
tions to a variety of problems on tangents, curvature, areas, 
lengths, and centres of gravity of curves.| 
Nov. Small tract similar to the preceding, but apparently more 
comprehen8ive.ll (Notation by points in first and second 
fluxions. Basis of his larger tract of 1671). 

1669 July 31. His De Analyst sent by Barrow to Collins. 

Dec. Writes notes upon Kinkhuysen's Algebra sent by 
Collins. 

1671 July 20. Letter to Collins. (Prevented by a sudden fit of sick- 



* Shewing how to take the fluxion of (or to differentiate) an equation connecting 
any number of Tanablea. It is referred to in a paper which teems to be part of a 
draft of his observations on Leibnitz's letter of Apr. 9, 1716. (Rigaud's AppmuUx, 
p. 23, compared with Raphson's S%$tory of Fluxion^ p. 116). 

t Rigaud and Raphson, u. s. 

\ In this tract his previous method of taking fluxions is extended to surds. The 
area of a curve, whose ordinate is y» is denoted by Q y. (Rigaud's Append, p. 23). 

II Raphson, p. 116. Wilson's Appendix to Robins' Tracto (II. 851—356). 

P2 
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ness from viBiting him at the Duke of Buckingham's installa* 
tion as Chancellor. Will not, he fears, have time to return 
to Discourse of infinite series before winter). 
1672 May 25. Letter to Collins (does not intend to publish his 
lectures),* 
Dec. 10. Letter to Collins, containing an account, requested 
by Collins in a letter received two days before, of his Method 
of Tangents.t 



* " Finding already, by that little use I have made of the press, that I shall not 
enjoy my former serene liberty till I have done with it, which I hope will be so soon as 
I have made good what is already extant on my account." He adds that he may possi- 
bly complete his method of infinite series, ** the better half of which was written last 
Christmas." Mace. Corr. ii. 322. 

t This part of the letter is cited in the 3rd edition of the Principia, p. 246, instead 
of the letters to Leibnitz referred to in the two first editions. Its contents were sent to 
Leibnitz July 26, 1676, along with Newton's letter of June 13 of that year. There is a 
copy of it at the Royal Society (Miscell. MSS. Lxxxi.) written in a tremulous hand, 
a consequence probably of the endeavour of the copyist to imitate Newton's writing. 
It has an address in Newton's hand, " These to his ever honoured firiend M'. John 
Collins...," and bears the post-mark of May 27 (probably 1676). This transcript may 
be conjectured to have been made at Collins's request for the purpose of accompanying 
the other papers which he was preparing to send through Oldenburg to Leibnitz. See 
Commerc. EpUt, p. 47. (128, 2nd ed.) Doubts have been expressed whether these 
papers were actually sent to Leibnitz. We have however Collins's own testimony that 
they were sent as had been desired {Comm, JEpist p. 48, or 129, 2nd ed ), besides 
Leibnitz's and Tschimhausen's acknowledgements of the receipt of them. (lb, pp. 58, 66, 
or 129, 142). It may also be observed that the papers actually sent (in a letter dated 
July 26, 1676) to Leibnitz by Oldenburg have been recently printed from the originals 
in the Royal Library at Hanover (Leib. Ufath. Schrift. Berlin, 1849), and that in them, 
as in Collins's draft, which is preserved at the Royal Society ("To Leibnitz the 
14th of June 1676 About Mr. Gregorie's remains" MSS. Lxxxi.), we find the contents 
of Newton's letter of Dec. 10, 1672, except that instead of the example of drawing a 
tangent to a curve, there is merely allusion made to the method. Collins's larger 
paper (called " CoUectio" and " Historiola" in the Commercium Eputolieum), of which 
the paper just quoted "About Mr Gregories remains" is an abridgement, and which 
contains Newton's letter of Dec. 10 without curtailment, is stated in the second edition 
of the Commercium to have been sent to Leibnitz, but whether that was the case may 
be fairly questioned: This paper was intended by Collins to be deposited in the 
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1676 June 13. Letter to Oldenburg, containing a general answer to 
Lucas with a promise of a particular one, and also ^'some 
communications of an algebraical nature for M. Leibnitz, who 
by an express letter to Mr. Oldenburg had desired them." 
(read to the Soc. June 15: the part for Leibnitz* was sent 
to him at Paris, July 26). 
Sep. 5. Letter to Collins. (Infinite Series of no great use in 
the numerical solution of equations. The Universitj press 
cannot print Kinkhujsen's Algebra : the book is in the hands 
of a Cambridge bookseller with a view to its being printed : 
shall add nothing to it. Will alter an expression or two in 
his paper about infinite series, if Collins thinks it should be 
printed). 

1676 Oct. 24. Latin letter to Oldenburgt for Leibnitz, who desired 



archives of the Royal Society, where it is still preserved, with the title " Extracts from 
Mr Gregorie's Letter^ (MSS. Lxxxi.)* consisting of thirteen sheets. A copy of 
Newton's letter was sent to Tschimhausen in May, 1675, in Collins's paper "About 
Descartes" (14 folio leaves, Roy. Soc. MSS. LXXXI). 

* It was afterwards printed in Wallis's 0pp. ill. 622—629. (Oxf. 1699), and, 
from that work, in the Oommercium JEpistoUeum, where the typographical error of 26 
Junii for Juiii, which is corrected in Wallis's errata^ is also copied in the heading of 
the letter. 

t The original letter extending over 14 folio pages is in the British Museum 
(MSS. Birch 4291). It was accompanied by a note to Oldenburg (Maoc. Corr, ii. 
400) in a postscript to which he observes: "I hope that this will so far satisfy M. 
Leibnitz that it will not be necessary for me to write any more about this subject ; for 
having other things in my head, it proves an unwelcome interruption to me to be at 
this time put upon considering these things." Newton sent some corrections by the 
next post (Appendix, p. 257). A copy of the Letter so corrected was not despatched 
to Leibnitz until May 2 of the foUowing year, the delay arising from Oldenburg's 
anxiety to send this *' Thesaurus Newtonianus** by a safe hand. Leib. Mathem, 
Sehrijl. I 1. 151 (Berlin, 1849). 

On Nov. 14 he desired Oldenburg to make some further corrections, (Appendix, 
No. XVII.) which, however, were not introduced into the copy sent to Leibnitz, which 
was made ten days before. 

This letter, like its predecessor of June 13, was printed in the 3rd Volume of 
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explanation with reference to gome points in the letter of 
June 13. 
Oct. 26. Letter to Oldenburg, with corrections for his letter of 

Oct. 24, &c.» 
Nov. 8. Letter to Collins, thanking him for copies of the letters 
of Leibnitz and Tschimhaus, with remarks shewing that Leib- 
nitz's method is not more general or easy than his own.f 

14. Letter to Oldenburg (cider-fruit-trees : Lucas's 2nd 

letter : further alterations of his letter of Oct. 24).| 
We have omitted in this copy of Edleston's Bynoptical view all 
those other valuable notes and dates which are irrelevant to our special 
subject. Messrs. Biot and Lefort can learn from what we give, how 
much an honest and elegant investigation in difficult matters differs 
from their sophistical and untrue pleadings. 



Wallis's Opm^^ from which it was copied into the Comfnereium EpUtolieum. Wallis 
says that he obtained his copies of the two letters from Oldenburg. 

Leibnitz wrote two letters in answer (June 21, July 12, 1677) ; in the former of 
which he gives examples in differentiation. Oldenburg acknowledged the receipt of 
these Aug. 9, observing, "Non est quod dicti Newtoni yel etiam Collinii nostri 
responsum tam cito ad eas expectes, cum et urbe absint, et variis aliis negotiis 
distineantur." * (Leibn. Math, Sehrifl. I. i. 167, Berlin, 1849). Oldenburg died the 
following month, but there is no reason to think that, if that event had not taken 
place, Newton would have departed from his intention of not continuing the corre- 
spondence. Leibnitz's answers will be found in Wallis's 8rd volume, the Cammereium 
EpUtoUeum and his Works. 

* Appendix, No. XVI. 

t Mace. Corr. ll. 403. 

X Appendix, No. XVII. 



In his papers on the early history of the Differential Cidcalus, 
particularly on Newton and Craig in the London, Edinburgh, and 
Dublin Philosophical Magazine of 1852, p. 321, Professor De Morgan 
makes the following statements: (the usual signs ^^ " will denote that 
I use Professor De Morgan^s words, while my own will be included 
in parentheses.) 

'^My present object [says Professor De Morgan] is the early 
^^ history of the principle of the Differential Calculus in England: 
^'I mean the principle of infinitely small quantities, as distinguished 
^^from that of ultimate ratios or limits/' 

Up to 1704 Newton always ^'used infinitely small quantities/' 
The method of fluxions translated by Colson from Newton's latin, 
written in the period 1671 — 1676, is '^strictly infinitesimal," and so 
also in the first edition of the Principia, 1687, the description of the 
fluxion '^^is founded on infinitesimals.'" This will be seen in the 
following extract from the first edition of Newton : 

"Oave tamen intellexeris particulas finitas. Momenta quam pri- 
'^ mum finitse sunt magpiitudinis, desinunt esse momenta. Finiri autem 
"repugnat aliqufttenus perpetub eorum incremento vel decremento. 
" Intelligenda sunt principia jamjam nascentia finitarum magnitu- 
" dinum." 

[We cannot, I think, agree with Professor De Morgan, who tells 
us, that these words of Newton are ^'strictly infinitesimal." On the 
contrary we see how Newton protests against these ideas]. 

''The treatise De quadratura was written by Newton long before 
'' 1704 ; — it appeared in its essential features in Wallis's Algebra of 
'' 1693 — and here we now see the subsequent abandonment of uncloaked 
'' infinitesimak." For Newton wrote, 
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1639 in Wallis: and 1704 in his De quadratura: 

" Quantitas infinite parva ... Et "Quantitas admodtim panra... 

'^ hffi quantitates proximo temporis '^ Et si quantitates fluentes jam sunt 

^' memento per accessum incremen- ^^ z^ y, et x^ hae post momentum tem- 

^' torum momentaneorum, evadent ^' poris incrementis suis oz, oy, oXj 

• • • 

^^ z + oz ., .terminos multiplicatos per ^' auctae evadent z-^-oz ,.. Minuatur 

'* tanquam infinite parvos dele, et ^' quantitas o in infinitum, et negleo* 

'' manebit sequatio ..." ^^ tis terminis evanescentibus. . . " 

[Here Professor De Morgan thinks we see Newton's ^^ subsequent 
'^ (1704) abandonment of uncloaked (1693) infinitesimals." But whj 
has Professor De Morgan cut the phrases of Newton, and thereby 
prevented us from seeing that the word " fluentes," which he gives us (1704) 
occurs also in Newton's phrases (1693) in Wallis? With this word in 
1693 we see much less of the cloak thrown over infinitesimals in 1704 ; 
the other Tittle differences of expression are indeed inessential; at all 
events Newton did not throw (1704) a new borrowed cloak over his idea, 
but only perhaps somewhat more clearly than 1693 repeated his oldest 
idea of 1687 : " principia (nascentia et) evanescentia."] 

Professor De Morgan then speaks of Craig's book, and of Newton's 
behaviour in this respect ; of Craig's and Newton's supposed clandestine 
measures and intentions, by which they wish to lead the public 
away from truth. 

Craig, he intimates, wrote three separate tracts with almost the 
same title; the first was edited in 1685, the second in 1693, the last 
in 1718. "In the preface of 1718 Craig informs us, that in 1685 he 
"was a resident at Cambridge, and that Newton at his request read 
"his work. Here however we have reason to think, that he spoke 
" of the wrong tract ; [why should, we ask Professor De Morgan, 
Craig, speaking on his own tracts, speak of the wrong one?] "After 
" some exemplifications of Barrow and Sluse, not referring to Newton 
"as having any method of quadratures, but only to the Binomial 
"Theorem, Craig proceeds to say, that nothing is wanting to extend 
" his method to all but transcendental curves, except only the removal 
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" of two difficulties. The first difficulty is the extraction of roots, 
"which he gets over by a Series of Newton's, which he hears that 
" Dr. Wallis has sent to press, [the first edition of Wallis is dated 
" 1685] which Newton has had the goodness to communicate in manu- 

" script ." 

The second of Craig's Tracts is of 1693. " That this was the tract," 
[though Craig in the Preface of 1718 says, that it was the Tract of 
1685] "which Newton examined before it was printed, I infer as 
"follows. In the Preface of 1718, Craig states that Newton proposed 
" two curves, of which he gives the equations [these equations mentioned 
in the Preface of 17 18 by Craig are : w^ = a?* 4- aV, and wiy* = a:' -h cui^] 
" as examples in corroboration of Craig's objections against Tschim- 
" hausen." [Professor De Morgan withholds from us the knowledge, 
that in Craig's Tract of 1685 the first of these examples appears at page 



42intheformZ» = (^'' + ?^'^ . 



" Now the attack upon D. T. (Tschimhausen) is at the end of the 
" second tract of 1693, and the curves specified are the first two examples 
"at the beginning." [Professor De Morgan withholds from us the 
knowledge that Tschimhausen is also attacked in the first edition of 
Craig of 1685, and not only attacked as in the second tract, but this 
with one of these very two equations, which Craig must consequently 
have received in 1685]. " Moreover in the Jirst tract Craig was no 
" deeper in the Difibrential Calculus than to imagine, that Pdy = Qdx 
" always gives i^ = Qx, which we may undertake to say Newton could 
"not have passed over without detection." [Craig's book was not 
written on the Differential Calculus, but treated of quadratures as found 
by Craig's particular method ; Newton had therefore no reason to speak 
to Craig of this method]. " It is also to be noticed, that in the second 
" tract the name of Newton does not occur once, though it is fiill of 
" the Differential Calculus, and though Leibnitz, Sluse, Barrow, Gregory, 
" are frequently mentioned. This, under all circumstances, we may 
"suspect was Newton's own doing." [Here Professor De Morgan 

Q 
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kills bis enemy: Newton is not mentioned in the book; that mnM 
under all circumstances be Newton's doing 1 Newton is detected, as 
Professor De Morgan always detects him, playing a foul game. Newton 
had cleTerly ^' cloaked over' with the cloak of fluxions and ultimate 
ratios Leibnitz's infinitesimals, and so Newton here again, as Professor 
De Morgan tells us, has hidden and cloaked himself over, for he must, 
as Professor De Morgan makes out, be in this book in which he is not 
mentioned. The lie is given to every witness before us, the truth 
being the contrary of what we read]. ^' And I am strongly inclined 
"to think that it was this very tract of Craig's, which immediately 
" suggested to Newton the progress which the views of Leibnitz were 
"making, and induced him to forward to Wallis the extracts from his 
^^ De quadratura Curvarumy [There is in the date no difficulty]. 
" I conclude therefore that Newton, seeing the progress the Differential 
" Calculus was likely to make in England, procured the entire suppression 
" of his name in Craig's tract, and made up his mind to insert a part 
" of his treatise in the forthcoming work of Wallis." 

So far we have principally cited Professor De Morgan; we shall 
now, in two words, give the fact as it actually stands. Craig did not 
as yet in 1685 understand either Leibnitz's Differential Calculus, of 
which only a little had transpired, or Newton's fluxional form, of 
which nothing till then was known, but he showed Newton something 
about another method of quadratures, and Newton for the sake of 
assisting Craig in an attack against Tschimhausen, suggested to Craig two 
equations ; one of which is still in our own days to be read in Craig's 
book printed 1685, although Professor De Morgan says that these 
examples were given 1693. In 1693 Craig had got hold, as he thought, 
of the whole theory of the Differential Calculus, and he here speaks 
a good deal of Leibnitz, but not of Newton ; Newton indeed had in 
1693 not yet published on the subject. But in 1718 when he wrote 
his third tract, Craig was fully acquainted with the discoveries of Newton 
and of Leibnitz, and he there says in his preface, that what he wrote 
in 1685, was for so early a date a good tract on quadratures, and he 
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was proud of Bajing that Newton saw thi» his first tract before it was 
printed in 1685. Every witness in the matter is here correct| with 
the exception of Professor De Morgan, who gives them all the lie. 
But they do not lie. Firstly Craig, speaking of his own tracts, says 
that it was his tract of 1685 that Newton saw. The tract itself, 
printed in 1685 (!) says that Newton gave the author a manuscript (see 
page 27 I !). Professor De Morgan says no ! it was your second tract 
in which Newton has assisted you. Now it happens that in this second 
tract Newton is not mentioned. For this very reason, says Professor 
De Morgan, it is this tract which Newton saw. 

We ask, is it not absurd to treat history in this manner? 

Professor De Morgan ^^ infers^'^ and ^^ supposea^^ and ^^ is much inclined 
*^ to think*^ that of all facts which are before us, the contrary is true, 
for Newton's honour is at stake. Now may we not ^Hnfer^^ and '' suppase^^ 
and be ^inclined to think^^ that Professor De Morgan is the last 
person whom we can trust in matters concerning Newton. This is 
very serious, for Professor De Morgan carries things at this moment 
in England with a high hand respecting Newton and respecting the 
history of fluxions, and clever Frenchmen eagerly avail themselves of 
his remarks. 

We will add here the whole short preface of Craig's book of 1718, 
which says: 

Prsfatio ad Lectorem. 

Hahea hie B. L. quoB mukoa ante annas de Calculo fiuentium sum 
meditatusj (b cujus prima Elementa^ cum Juvenis essem^ circa Annum 1685 
excogitavi: Quo tempore CantabrigicB commoratus D, Newtonum rogavij 
ut eademj priusquam prcelo committerentur^ perkgere dignaretur : Quodq ; 
Hie pro summa sua humanitcUe fecit: Nec^on ut Objectiones in Schedulis 
meis contra D. D. T. cdlatas corroborarety duarum Figurarum Quadra- 
turas sponte mthi obtulit; erant autem harum Curvarum JEquationes 
iol*j* =s X* 4- a V it: my* =« x' + ax* ; Meque interim certiorem fecit se posse 
hufusmodi innumeras enchibere per Seriem Infinitam, guce in datis con- 
ditionibus abrumpens Figures propositm Quadraturam Oeometricam deter- 

Q2 
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minaret. In Patriam postea redeunti inagna mihi intercedebat familiaritas 
cum Eruditissimo Medico D, Pitcaimio dk D, D. Gregorio; qutbus 
significam qualtm pro Qtiadraturis Seriem haberet D. NewtonuB, quam. 
penitm ipsis ignotam uterq ; faiebatur. Post altqtiot verb menses narrabai, 
mthi D, Pitcaimius D, Gregorium Seriem similiter abrumpentem invenisse. 
Ego nullus dubitans^ quin eandem ex duabus prcedictis Quadraturis ipsi h 
me communicatis deduxerit^ per Literas D. Newtonum rogaviy ut Seriem 
suam mihi transmittere vellet^ ut an eadem esset cum Gregoriana pers- 
picerem: Sogatui meo annuit Vir illustrissinius per Literas 19 Sept. 1688 
datas : Nee mirum si parva esset inter utramq ; Seriem discrynintia^ 
cum Gregorius, ex duobus illis Exemplis & indicatd a me Seriei 
Newtonianae indole^ suam facile deducere potuisset; quamq; statim in 
Tractatu D. Pitcaimii De Inventoribus publicandam curavit. Hanc 
Aistoriolam Lectoribus impertire cequum videbatur^ ut soli Newtono Seriem 
illam tribuendam esse cognoscerent. Satius quidem multo fuisset^ si 
ipse [dum vivus esset) Gregorius eandem Orbi Mathematico communicassety 
quodq ; se facturum promisit per Literas dat. Londini 10, Oct. 1691. 
Me interim in iis hortatus est^ ut^ si quid haberem ad Memoriam ejus in 
hoc negotio Juvandamj id ego quam citissime ad ilium transmitterem ; quod 
sine mora a me rem omnem fdeliter ab initio narrante Jactum erat. Opus 
enim erat mihi Jucillimumy utpote qui omnes ejus & Pitcaimii Literas 
hanc materiam spectantes tum apud me habuerim^ & adhuc habeo. 

Ego interim (pb plures rationes non jam enumerandas) nihil perquam 
generale in Quadraturis per hujusmodi Series expectandum fore ratus^ 
ad propriam Methodum promovendam Stadia mea convertebam: Nee 
irritos prorsus fuisse conatus colligere potes ex Tractatu Ann. 1603 edito^ 
& Specimine in Actis Philosophicis Anni 1697 de Spiuiorum Transcen- 
dentium Quadratuirisy qucB in Geometria omnino twm novce erant. Efusdem 
Anno 1702, longe ultra omnium aliarum limites promotcBj Theoremata 
aliquot generalia in Act. Phil. Anni 1703 erant publicata. Et magnopere 
mihi placuisse fateor^ cum perdperemy quod proedicta Series Newtoniana 
Casum tantum simplicem Theorematis nostri primi comprehenderet. 
Integram jam Methodum cum aliis huic affinibus in sequenii Ubro 
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explicatam B, Lector invenieU Et at quidpiam in his ad Geome- 
triam promonendam sibi occurratj turn mefinem in his edendis j/ropositum 
obtinuisse sciat. 

This is Craig's preface of 1718. 

We will also give the first lines of Craig's second book of 1693, 
which are as follows: 

^' In actis philosophicis specimen exhibui methodi generalis 

^^ determinandi Figurarum Quadraturas ; cumque postea plus otii nactus 
'^ fueram, credebam me non posse illud melitiSy quam in eadem materia 
^' ulterius perficiendft, collocare ; plnrima enim tum deerant, quaeque me 
^^ jam feliciter obtinuisse spero. Ne antem nimium mihi adscribere, vel 
^' aliis detrahere videar, libenter agnosco Leibnitzii Calculum differentialem 
'' tanta mihi in his inveniendis suppeditfisse auxUia, ut sine illo vix 
" assequi potuissem " 



We add a remark, which we certainlj caimot introdnoe without 
saying that it is a pity that Professor De Morgan haa not found 
it out, for he would have made another use of it than we do. 

It is supposed that Newton's '^ De Analygi^^ such aa it was printed 
in the Commercium Epistolicumy and consequently such as it is now 
before us, was sent in 1669. But this perhaps is not the case. 

The best witness in this matter is Old^iburg, espedally if we attend 
to what he said in this respect in 1669, the very year in which Newton's 
treatise was written or sent to London. 

Oldenburg's letter of 14th September, 1669, ad Franciscum Slusium, 
though inserted as No. XIII. in the Commercium EpUtolicum^ has not 
yet been read with attention respecting this question. 

Oldenburg says at that date, that Newton's Analysis (^^universalis 
^'methodus Analytica") has been sent [to himself, to Lord Brounker, 
or to Collins] ; Oldenburg then adds : 

" Auctor sic incipit. 

" De Analyst per .^Equatwnes numero terminorum infinitaa, 

'^ Methodum generalem, quam de Curvarum quantitate per Tnfinit ^n^ 
^' terminorum seriem mensurand& olim excogitaveram, etc." 

" Et ad calcem sic ait : 

'^ Nee quicquam hujusmodi scio ad quod h»c Methodus, idque variis 
" modis, sese non extendat. Imo Tangentes ad Curvas mechanicas (si 
^'quando id non alias fiat) hujus ope ducuntur. £t quicquid vulgaris 
^^ Analysis per requationes ex finite terminorum numero constantes 
'' (quando id sit possibile) perficit, hsec per ^quationes infinitas semper 
** perficiat. 

^' Et hsBC de Areis Curvarum investigandis dictas ufficiant. Imo cum 
^' Problemata de Curvarum Longitudine, de quantitate & Superficie 
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" Solidonun, deqae Centro Ghravitatis, poasimt eo tandem reduci ut 
" quseratar quantitas Superficiei plans linea curva terminatsB, non opnii 
^^ est quicqaam de iis adjnngere." 

Here we have the beginning and the closing words of Newton^s De 
Analyst^ such as Oldenburg had it before his eyes, 14th September, 1669. 

Consequently what Oldenburg possessed cannot be that which has 
been given in the Commercium Epiatolicum^ for the latter only begins 
as Oldenburg says, but it does not end so. 

We may suggest, that Newton's Analysis from page 83, line 18 in the 
Commercium Epistolicum^ edition of 1722 [in Biot's edition page 67, 
line 15] was read some time in the year 1669 as follows : 

Denique si index potestatis ipsius x vel y sit fitustio, reduco ipsnm ad 

integrum : ut in hoc exemplo y' — xy +x =o. Positio y* = v, & a: = «, 
resultabit v' — z*v + z^=:o^ cujus radix est v = z-{- z*, &c. sive (restltuendo 

▼alores) y* = a? + a?, &c. & quadrando y = a;^ + 2x\ 

Et haec de Curvis Geometricis dicta sufficiant. Quinetiam curva, 
etiamsi Mechanica sit, methodum tamen nostrum neqoaquam respuit. 

'' Exemplo sit Trochoides ADFOj cujus (etc. :" those 45 lines which 
are now read page 88, 89 — ^in Biot page 71 [from line 10] 72 [to line 
11] — ^up to the words ^^ determinabilis est,'' with Oldenburg's finishing 
sentence as follows): 

Determinabilis est. Nee quicquam hujusmodi scio, ad quod haec 
Methodus idque variis modis, sese non extendat (etc. : thirteen further 
lines just mentioned, page 118, as the end in Oldenburg's letter of 14th 
September). 

We consequently believe, that page 84, 85, 86, (?) 87, and (?) page 
90, 91, 92,9 3, (in Biot page 67, [from line 23] 68, 69, 70, [to line 8] 
72, [to line 17] 73, 74, 75,) were introduced into the manuscript in or 
about the year 1672. 

Newton, in fact, writing to Leibnitz 1676, 24th October, calls his 
treatise a ^' compendiumy'^ and says of it : ^' Eo ipso tempore quo (Mer- 
^^catoris Logorithmotechnia) prodiit, (1669) communicatum est ad D. 
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'' Collinsium (meum) Compendium quoddam method! harom aerieram, in 
^'quo significaveram Areas et Longitudines Carvarum omDium, et 
^' Solidorum superficies et Contenta, ex datis Rectis ; et vice versa, ex 
^' his datis Bectas determinari posse — — deineeps Collinsius non destitit 
'^ suggerere ut haec publici juris facerem : £t ante annos quinque cum 
^' suadentibus amicis consilium ceperam edendi Tractatum de Befractione 
'^Lucis et Coloribus, quern tunc in promptu habebam; coepi de his 
'' Seriebus iterum cogitare ; et Tractatum de iis etiam conscripsi ut 
"utrumque simul ederem. Sed " 

Newton here speaks of that Treatise (Tractatus) which is not in the 
Commercium Epist. but which was published hj Colson 1736, and we see 
that ^' ante annos quinque'' (that is 1672) he meditated on these matters. 

We know that Newton was, after 1673 till 1683, engaged in labours 
of a different kind, and a copy of what we now read as Newton's Analysis 
has existed in Collins' handwriting, who died 1682. Therefore Newton's 
additions to what he first sent 1669 and what Oldenburg possessed 1669 
were made at once in 1669 for Collins, or between 1669 and 1673, and 
this is what Collins possessed. 

It is a pity, we repeat, that Professor De Morgan has not found out 
this fact ; perhaps he will still think it not beneath his honour to make 
use of it in his fashion, and to draw from it with Anti-Newtonian 
instinct a good conclusion. 



NEWTON'S SUPPOSED ERROR. 



In a Bcholium at the end of the Tractatus de QuadrcUura^ Newton 
aajs: " Quantitatnm fluentium floxiones esse primas secondas tertias 
^^ quartas, aliasque diximos supra. Hae floxiones sunt ut termini serienim 
^^ infinitarom convergentiom. Ut si x" sit quantitas fluens, et fluendo 
^^evadat (x + o)* deinde resolvatnr in seriem convergentem 

or + woar *-f — ^ — oox^ + oa?^ + etc. 

^^ terminus primus hujus seriei x^ erit quantitas ilia fluens, secundus 
^^nox*'^ erit ejus incrementum primum, seu differentia prima, cui 

fin -^ 71 

" nascenti proportionalis est ejus Fluxio prima ; tertius — - — oax*^ erit 

^'ejus incrementum secundum, seu differerentia secunda cui nascenti 

" proportionalis est ejus Fluxio secunda ; quartus ^'a?*"' erit 

^^ejus incrementum tertium seu differentia tertia, cui nascenti Fluxio 
" tertia proportionalis est ; et sic deinceps in infinitum." 

John Bernoulli caught hold of this, and wrote to Leibnitz (7th June 

1713) : ^^ vides hano ^regulam (Newtoni) falsam esse. Nam excepto 

^^ primo et secnndo termino, reliqui omnes alludunt a differentialibus 

^' superioribus potestatis a;" et hoc est, quod in nupero meo Schedi- 

" asmate Actis Lipsiensibus inserto jam notavi. Animadverti New- 

^' tonum in suo errore perseverasse usque ad annum 1711 cum libellus 

'^ ejus fuit recusus. Sed in exemplari quod mihi dono misit per 

^^ Agnatum meiun, ibi" (meaning that scholium) ^^ calamo adscripsit 

B 
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^' altera vice voculam ut — ^ubi habebantur haec verba ^ tertius (terminus) 



2 



o^x"^ erit ejaa incrementum secundum, et quartus 



nn — 8nn + 2n - -_. 

r aj 



'^^erit ejus incrementum tertium;' interseruit ^ut/ scribendo nunc, 
" * erit ut ejus' etc." 

In the Acta Eruditorum of Leipsig, Bernoulli made a great noise 
about this error of Newton. Montucla (in his Hiatoire des MathenuUiques 
IIL p. 105) speaking of the matter, sajs : ^' Bernoulli ins^ra dans les 
^^actes de Leipsick, sous un nom d^guis^ une lettre fort am^re, ou 
^^ Newton dtait pen m^ag^ ; il j pr^tendait que Newton n'avatt jamais 
" connu les regies de la seconde diff^renciation, ou oelle de prendre la 
^' fluxion d'une fluxion, et il se fondait sur ce que Newton dans son traits 
<<de quadratura curvarum, dit, que les fluxions des diffSSrents degr^s 
'' sent representees par les termes de son binome 



«- + [««->] i + [=!i^illil^ r^ + 



'^or cela n'est vrai qu'en supprimant les denominateurs num^riques. 
^'Car si Ton prend la fluxion, ou la differentielle, de moT^^^ on aura pour 
'^seconde diff^rentielle seulement [m (w» — l )«""■] i". Mais il est ^vi- 
"dent, que c'dtait une pure inadvertence de Newton, s^duit un instant 
<' par une analogic qui regno entre sa formule et les fluxions successivea. 
^^ Cette pi&ce (in the Acta of Leipzig) etait si aigre, que Bernoulli a €i€ 
'^ long temps sans Tavouer, mais il etait facile de Vy reconnaitre."* 

Now this famous Newtonian error, which almost Newton himself 
took for an error, writing the word " ut" with his pen in the copy of the 
second edition, when he presented the same to Bernoulli, (for Bernoulli 



* Montada quotes the fonnxila as c^, etc. Bernoulli aa iT, etc. To make our 
remark dear, we have also in our quotation of BenuMtlli written the letter c 
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at the time and before he made his anonjmonB attack in the Ada of 
Letpsig, had through his nephew Nicholas Bernoulli, who made a jonmej 
to London, sent a friendly message on this matter to Newton), now 
we believe this famous Newtonian error is in truth no error. 
The series 

[x + o)* ss 0?* -f iM5*"*o + etc. 

is, as is well known, Taylor's theorem in one of its cases. What we 
wiA to Bay wiU therefore at first be in reference to this theorem. 

The Differential or Fluxional Calculus has to solve the following 
problem and question : how great, if any (simple or complex) algebraic 
expression be augmented in only one of its constituent parts, is the 
augmentation of the whole expression, compared to the augmentation 
of the part. If, for instance, the algebraic expression (function) is 
(a;**), and it is the part x, to which we give an augmentation, and 
if we here again take the simpler case, by supposing the function (or 
algebraic expression) to be (a^), then the question or problem is : how 
great is the augmentation of {oi?) if x receives a certain augmentation, 
which we will call dx? 

It is false to suppose, that in a general manner the augmentation 
accruing to the whole by an augmentation of one part, can be indicated 
by one of the seven algebraic operations (addition, subtraction, ij^ul- 
tiplication, division, elevation into powers, extraction of roots, and 
logarithms.) On the contrary, the comparing of the augmentation of 
a whole function (or algebraic expression) to the augmentation given 
to a part of it, is such a complicated thing, that all the seven operations, 
and all their possible combinations are not able to make this comparison, 
and consequently not able to give us the answer. 

This is the difficulty in which we are placed by the question. 
The Fluxional or Differential Calculus overcomes the difficulty, by in- 
troducing an eighth mode of algebraic operation, namely, by introducing 
to us first, the idea of a multiplication, such as (a x i), to which secondly, 
we have to add this new idea, that, namely, the one of the two 

B3 
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factors or coeflScienta does not remain unchanged during the operation 
of the multiplication, but changes : is variable. 

We ask: how is this possible? how can we multiply with a 
certain and clear result a hj b^ i£ one coefficient (let us saj a) does 
not hold its value during the operation, being what is called a variable? 

The Fluxional or Differential Calculus overcomes this new dif- 
ficulty, which it has itself created, by telling us not only abstractly 
that the one coefficient (let us say a) is variable, but by telling us 
also which kind of variation there is in a. 

In the above case, for instance, the algebraic expression or function 
being (a^), and our question being: how great is the augmentation of 
(a?) if X receives a certain augmentation, which we will call dx? — 
the answer g^ven by the Fluxional or Differential Calculus tells us firstly, 
that the augmentation is a multiple of dx (of the augmentation given 
to the part of the function), namely, that it is 2xxdx^ but with 
this understanding, that the one of the two factors or coefficients 
of this multiplication, namely, the expression 2a;, does not hold its 
value, but is variable, adding that the nature and kind of its variation 
is enunciated and indicated by the second differential, namely, that 
it is again a multiplication (2 x dx) dxj which has to be considered 
as laying in the first. 

In other words: since it is not possible to say by any common 
combination of the seven algebraic operations in a general manner 
(for a single case is not in question) what augmentation accrues to 
{a?) when x (the one part of that function) is augmented by dx^ 
therefore a new mode of operation is introduced, which is a multi- 
plication in which the one coefficient holds in itself a second multi- 
plication. 

We repeat, the rule is : multiply dx with 2Xj which 2x flows during 
the multiplication, its fluxion being the augmentation of 2x when 
X is augmented. 

This (eighth) mode of algebraic operation is, as we see, so complicated, 
that it cannot be expressed in one rule, but that two rules (or two 
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differentiations) are neceasaiy, the first role saying that the angmentation 
of {a^ is dx multiplied with a thing, which is itself angmented, [2a?] 
and the second rule (or differentiation) saying, how this 2x is 
augmented. 

If the function, or algebraic expression is simpler, namely, if It is 
addition or multiplication, for instance, if it is mxj then the Differential 
or Fluxional Calculus can say by one rule with one of the old seven 
operations what augmentation mx receives if one part of it (say x) 
is augmented by dx. Namely, the augmentation of mx is mxdx. 
But if the function be (o^), two rules are necessary, first and second 
differentials. The second rule is the correction of the first rule. The 
first rule speaks of the function, the second rule speaks of the first 
rule, and thereby indirectiy of the function. 

Sometimes the number of rules is infinite. For instance, the number 

of the rules for finding the augmentation of tiie function (2^) or Va; is 
infinite, for after saying that that augmentation is dx multiplied with 

^(x"^) [or with =.] wherein a; is a variable, and after the second 

\ 2 ^x/ 

rule telling us, that the variability in that first rule is — ^ (a? ), or 
= ) . we still find this variable x in our answer, we must therefore 

g^ve a third rule (third differential) respecting the variability of the 
second, which rule will again give us that variable a;, and so on, 
witiiout end. 

In the case of (a^) there is that end. Its first differential is 2xxdx 
and the differential of this differential is 2dx x dxj where all coeffidents 
and factorials are constants, for dx is (what few people seem to admit) 
a constant, whereas x is variable. 

If we have till now before us the seemingly difficult idea of a 
multiplication regulated by a new multiplication, Taylor in his theorem 
brings new light into these ideas. 

It is as if Taylor said: you may theoretically and in the abstract 
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■peak of one role (the first differential) and of its modification bj a 
second rule (the second differential), and in your fancy you may think 
that one multiplication is hidden or lies in the other, but if you leave 
with me the world of abstraction and theory, and enter into nature 
and into reality, letting dx actually be something, a foot, or an inch, 
or some other reality according to the actual problem, then those abstraot 
rules will require one very slight modificatioiu 

It is easy to show what this modification is« 

We suppose there will be no possible objection if we say, that 

the series 

1, 4, 9, 16, 25, 36 ... 

is one case of the variable function (a;^, namely, that case, in which 

the varied and variable part of the function [x) has been supposed 

to be in one instance 1, and in which the variabilily of Xy or the 

augmentation dx given to a;, is supposed to be also 1. 

For in this supposition we have 

X^\y 

X'\-dx^2y 
aj + &j + &j + &j = 3 + &j = 4, 

a 
. 

etc. 

Consequently in thb case all the values which (o^) can have, and 

therefore [a?) itself (in the full extent of its variability) is contained 

in the series 

• ••1, 4, 9, 16, 25, 86, ••• 

3, 6, 7, 9, 11, 

2, 2, 2, 2. 

We have put under the principal series of all these numbers their 
differences. 

Thereby we see that it is not sufficient to give to x one augmentation 
<£c, but that two such augmentations must be given and calculated 
before a difference of the first differences can appear. Between two 
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nnmben of the aeries there is but one difference. Three numbers 
have two differences, and now (not when we have but two nnmben) 
we can speak of a difference of the differences. 

For instance, in our series the numbers 4, 9, 16 have the two 
differences 5 and 7, and now we can speak of the difference of these 
differences. 

It is in this sense that Taylor, as it were, says : theoretically and 
abstractedly your rules can tell me that the difference of the function ^ from 
its next augmented expression (x + d£f is of a flowing nature, (not every- 
where the same) and you can theorcftically and abstractedly at once, in 
addition thereto, tell me, what the flowing nature (or fluxion) of that 
first difference is, but in reality we cannot find a second difference in 
ant first difference, we can only find it in two first differences. 

Therefore, Taylor wishing really to do in this function (pf\ or rather 
in all functions, what theory tells us, could not content himself with 
calculating one difference [(« + A)* — aj^ or [(a? + dxf — q?\^ but finds him- 
self obliged to calculate two successive differences [(a? + A + A)" — (a; + A)*] 
together with [(aJ + A)* — «*], before a difference of these differences (or 
the second differential) appears, and wishing nevertheless to give his 
formula only for on« difference [only for : f{x + A) —/(a?)], he consequently 
has to divide that member, which contains the second differential by 2. 

We see that he consequently in his formula has to divide the 
member containing the third differential by 2 x 3, the following member 
by 2x3x4, etc. Taylor's series contains therefore in truth, so as 
Newton said, the subsequent differentials: in other words, Taylor's 
or Newton's series is the Differential or Fluxional Calculus, and nothing 
else, and Taylor's series needs not to be proved, but proves the new 
Calculus, and is thereby proved itself. 

Newton knew this, and in his constant practical applications and 
calculations firom his youth till 1711^e had been so used to consider 
the terms of such series as the suSsequent differentials, or fluxions 
practically, that also theoretically and abstractedly in the scholium which 
we have copied, he very properly said that they were both the same. 



\ 
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In 1711, when Newton was seventy years of age, he was (we may 
say this with the greatest veneration for Newton) not sofficiently intent 
on abstract mathematics to wish to dispute about the greats or smaller 
coincidence of the terms of those series with the subsequent fluxions; 
he therefore left the question open by adding the word ^^tu!*^ to the 
scholium, which thereby is not essentially altered, not so much as it 
may appear altered by the word '^ very^^ in the third section of Newton's 
letter of 20th April, 1714 (in Edleston's Correap.y page 173). 

In a German treatise inscribed Versuch die Dijffbrentialrechnung auf 
andre ah die bie herige Weiee zii begriinden^ I have explained this more 
at length. 



Leibnitz, on his entrance into society, having just taken his degree 
at the University, became attached to the interests of Boineburg, who 
was on a small scale, we may say a Mettemich of those ages, in the 
service of the £lector of Maintz. This Boineburg asserted from the 
time of the last election to the Grerman Empire, a claim for money 
due to him from the King of France. The Elector permitted Leibnitz, 
who was in the Elector's service, to go to Paris, 1671, for the purpose 
of secretly and privately inducing the ^ing of France to conquer 
Egypt, Leibnitz supposing that this scheme would avert the danger 
of the King's threatening position and preponderance in Europe. But 
the Elector did not pay for Leibnitz's stay in Paris, it being ingeniously 
arranged by Boineburg that this expense was charged to the King 
of France, whom Leibnitz had to advise and to persuade. Boineburg's 
own object was to realise through Leibnitz's presence in Paris his 
pecuniary claim. A strange errand (Leibnitz's moral ^^ character" would 
necessarily be thereby affected ; namely, ^' strengthened" and " advanced" 
Guhrauer says). Compare Guhrauer's Biography of Leibnitz (1846) I., 
page 49, line 10, et seqq.; page 52, line 12; page 55, line 1; page 56, 
line 17; page 59, line 12; (page 62, line 9, conf. page 82, line 6); 
page 95, line 3; page 98, line 26; page 105, line 27 (^' entretenu") ; 
page 125, line 12, etc. 



s 



No biographer or other author, I believe, has enquired : for what 
purpose did Leibnitz go to England towards the end of October, 1676 ? 
We presume that there were frequently in Havre or in Calais ships 
going yift London to Amsterdam, and that the direct intercourse 
between France and Amsterdam was not common. 

Perhaps some persons know of other reasons; to suppose him 
actuated by a desire to learn what mathematical secrets the English 
were yet withholding from the rest of the world, would suit this inquiry, 
but I have no grounds for believing it. 

That Leibnitz was not in possession of the Differential Calculus 
on the 27th August, 1676, shortly before his second journey to London, 
is proved by his letter of that date, because in that letter he operates 
with the infinitely small quantity, called )9, vulgari more^ using the 
method of Transmutations, in the same kind of manner as not only 
Leibnitz, but everybody did at Leibnitz's time and before him. 

Some passages of that interesting letter of the 27th August, 1676, 
are explained by a first draft of the same, which (imitating Gerhardt, 
who has edited first drafb of Leibnitz's several writings), we will 
give in extenso (the original is found in the bookcases, containing 
Leibnitz's manuscripts at Hanover) : 

(By using parentheses, such as [ ], we have indicated that Leibnitz 
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after finialuDg the letter struck out, what these parentheses contaiiii 
writing over the line what then follows) : 

This letter of the 27th August, 1676, which Leibnitz sent to England, 
is an answer to two letters, to one coining from Newton, and to another 
coming firom Collins. His first draft has reference only to that part 
in which he answers Newton. We therefore, in what here follows 
on the left side of the page, have given verbotentu the first half 
of Leibnitz's letter, such as it went to England, and opposite to it 
on the right side, Leibnitz's sometimes longer, sometimes shorter first 
draft: 

27 Aug. 1676. 

Literae tuae, die 26 Julii datae, 
plura ac memorabiliora circa rem 
Analyticam continent, quam multa 
▼olumina spissa de his rebus edita. 
Quare Tibi pariter ac Clarissimis 
Viris, Newtono ac CoUinio, gratias 
ago, qui nos participes tot medita- 
tionum egregiarum esse voluistis. 

Liventa Newtoni ejus ingenio 
digna sunt, quod ex Opticis Ex- 
perimentis et Tubo Catadioptrico 
abunde eluxit. 



Ejusque methodus inveniendi 
Badices .£quationum & Areas Fi- 
gurarum, per Series Lifinitas, pror- 
sus differt a mea : Ut mirari libeat 
di ^ersitatem itinerum perquaB eodem 
pertingere licet. 



Literae tuae norissimae, Pellii 
Newtonii Qregorii Collinsii inventis 
et meditatis plenae plura ac me- 
morabilia circa rem Analyticam 
continent, quam multa volumina 
ingentia impressa ; vellem expllcata 
essent, sed quomodo potent id fieri 
in literamm angustia. Newtono et 
CSoUinsio multas a me g^tias agas 
rogo ; Newtono quod Method! suae 
circa series specimina mihi com- 
municare voluit, plurimum me ill! 
obligatum profiteor. Digna sunt 
omnia ingenio ejus, quod ex opticis 
experimentis et libro catoptrico 
abunde eluxit. 

Mirari vero subit in varietatem 
itinerum per quas peireniri potest 
ad interiora rerum ; mea enim me- 
thodus longe a Newtoniana diversa 
est; in nonnuUis ad eadem per- 
yenimus; in pluribus alias plane 

82 
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series^ exhibeo. UniTenaiitatem ex 
ipta Metbodi descriptione exutima- 
bitisy quam vobis exhibeo. 
Merca^ Figuras Badonalee, Eqaldem (Ateoi^ Mercalori me 



' Newton'9 words "Method of Series" are here also used by Leibnits, who 
calls not only one, but all his manifold methods, the method of "Series;'' yery 
properly, lor quadratures etc. are, generally speaking, always giTen in infinite series, 
and are only exceptionally found in finite algebraic expressions. 

' Leibnitz here says, that the invention which Newton's letter communicated 
to him (Newton's generalization of Mercator's divisions) had already before he received 
the letter been invented by himself, this being quite an easy matter. 

This assertkm of LeibaiU is not true, nor did he on second eonsideratkm venture 
to tell Newton this untruth, which we see in embryo only in this draft of the letter. 

Leibnitz bad just finished his work De Quadraiura ("jam anno 1675 compositum 
habebam opusculum Quadraturae Arithmeticae, ab amicis ab illo tempore leetum," 
says LeibQitz, in AeL JBrudii., April, 1691, page 178). This he had completed 
in at least forty propositions in a beautiful manuscript ready ^r the press, whieh 
remains to this day in the Leibnitz shelves of the King's library in Hanover. 

But in the same, written with a later hand* namely, not in Leibnitz's beautiful 
handwriting, in which the first part of this magnificent work is written, but in 
Leibnits'a hurried and quick handwriting, and squeezed in a narrow margin, we 
read the following : 

"Scholium ad propositionem 29 quod ope progressionis Oeometricae demon- 
"stravimus, poteramus et demonstrare per [aequationes} divisiones [pulcherrimas] 
^ in infinitttsa eoatinuatas pulcherrimas N. J, Mercatoris, Holsati, e societate Regia 

"Britannioa (quae) coiacidunt cum prop. 26 si ponamus prorsus etians 

" expressionea (P) ac demonstrationes (?) propos. 28 ; deberet autem scribi istas esse 
" decrescentes. Simile quiddam ad radicum purarum vel afiectarum extractiones 
** accommodari potest in numeris literisve, nam et in illis divisio quaedam locum habet, 
"quod jam dudum exemplis quibusdam expertus sum (ohe eos qui ex mea Circuli 
"exprcssione sequi putabant Circulum esse quadrate diametri commensurabilem) 
" etiam quantitates irrationales, «.y. diagonalem in quadrate per infinitam seriem 
"rationalium numerorum efierri posse. Sed hoc Clarissimum Virum Isaacum 
"Newloaum ingenioae ac f^Hciter prosecutum nuper accepi, a quo piaeclara multa 
" theoremata expeotari pofsant. Porro si contra ponatur c aeq. AB* et h aeq. JBF* 

••■laneate a aeq. ^-F^fiet — ^ aeq. ^j^.^^ acq I - ^^ + -^ etc, qnemadmodum 

BF* BF^ BF* 
" ante aeq. -j^ - ^rgi + -r^ etc., sive ponendo AB constantem sive penaanentem, 
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sea In quibus OrdinaUnim valor ex [primam occasionem] partem deberi 
datis Absciasis rationaliter expriini inrentlonum [Nam] circa lerieB in^ 



** «eq. 1, et BF Tel BC aeq* ^, tuno priore modo aopra posito -— - uTe - — -^ fict 

FG^ 

** aeq. f - t^ -^ (^ etc., secundum propositionem 28 et summa omnium ~-- sive area 

f ^ f FO 

** dimidii spatii BFOfi erit ^ - ^ -("= > et ad summam omnium -^ seu aream spatii 

" dimidii BFGfi mutatis mutandis evadit series 7 - 7; + .73 etc., ut probari potest ex 

«corollario 2. ad prop. 25. ex quibus expressionibus per series cum t minor est 
"quam 1 prodierit series cum major est, et omnimodo sufficit prior sola, quoniam 
'* si areas BEMnX major quadr. 2 tunc sufficit oomparari excessum EM.^ 

So Leibnitx's great work De Quadratura, of which he speaks so often, was nipped 
in the bud by the first letter of Newton. For though in a short epitome of this 
Leibnitzian work, which Gerhardt has ventured to publish, the prop. 24 and 25, 
as Oerhardt admits, as well as the prop. 46, 47, 48, are of a later period, (see 
Gerhardt. Leibn. Math. Schr. V. Band 1858, page 86, line 27, and the note at page 105) 
still this later epitome could not efface all the weak points of this interesting 
work, and in particular not its twice repeated phrase : " oportet autem AB non esse 
minorem BF and oportet autem arcum BOD non esse quadrante majorem," (Gerh. 
L c page 107). So then Leibnitz finds, when Newton's letter arrives, that with 
Newton's invented general mlee like those of Mercator, ** poteramus" as he says, 
" demonslrare propositiones" 28, 29y etc., and that then these propositions would have 
been general, namely valid also, "si arcus major quadrante." On the whole, we 
see by that scholium that the work De Quadratura was disturbed and changed by 
what Leibnitz could take from Newton's letter " quam nuper accepi." 

Consequently it is not true, that Newton's invention (the generalization of 
Mercator's divisions, etc.) was known and familiar to Leibnitz before Newton'a 
letter; and not true, though Leibnitz oses the word "fkteor," that he had taken 
'^primam occasionem inventoram snontm'* from this generalization of Mercstor's idea. 

Luckily only what Leibnitz wished to answer, not bis actual answer, contained 
that nntruth. 

We beg Leibnitz's pardon for nsing such harsb language, for it iz quite possible 
that Leibnitz was naive, and cheated himself, believing in hie having invented 
what Newton's letter contained, for some peojrfe (and Leibnitz may have been d these) 
having rather Hvely imaginations, find no distinction 1)eCween what they learn and 
what they invent, but take some old idea of their own, which beare on the subject, 
for the mother of the new things which tiiey learn, and then cheating themselves, say : 
" these are my children." 
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potest, (at scUicet indetermmata 
QaantitaB in yinculum non mgre- 
diator,) quadravit; & ad Infinitas 
Series reducere docuit, per Divi- 
siones. Newtanus autem, per Badi- 
cum Extractiones. 



finitas. Nam cum is Hjperbolam 
per infinitam seriem more suo [ex- 
tricasset] quadrasset utique facile 
erat judicatu, posse quamlibet figu- 
ram rationalem eodem modo per 
infinitam seriem quadrari. (Another 
sentence appears to be written over 
this sentence above its lines, bat very 
small, and to me unreadable and un- 
intelligible.) Figura rationalis enim 
naturali aequatione ezplicari potest 

a? 
sit y aeq. - — -^ fiet 

L "T" iXT 

ai'-x'-f x'-aj' + aj"etc., 
et summa omnium y seu area 
figurae erit 

X* a^ ir^ a^^ a^* 

M/ t</ «& M/ ■*/ 

4 " "6 "^ 8" ■ To "^ 12 ®^''- 
Vel etiam methodo' a Mercatoris 
diversa, nam si alitor dividas ex 

aj' ^ , , 1 1 1 , 



' We are saturated through and through with the word ** method" in Leibnitz's 
several writings, which occurs in this draft thirteen or eighteen times. £yen this 
trifling remark on Mercator's divisions Leibnitx calls his method, and thinks that 
it differs from that of Mercator. Newton says in the Recensio (page 14 of the second 
edition of the Com, JBp, ColUnsii, and page 1 7 in Biot and Lefort's edition) on a similar 
occasion : '* Commercium cum Oldenburgio renovavit Leibnitius scribens se mirificum 
habere Theorema, quod daret Circuli vel ejus Sectoris cujuscunque Aream accurate 
in serie numerorum rationalium; Octobri autem insequente scripsit se invenisse 
Circumferentiam Circuli in serie simplicissimonmi numerorum. Eadem Methodo, 
sic enim Theorema illud nominat:" Newton also then, as we see, was struck with 
Leibnitz's ** methodo-mania" and with his desire of inventions, which made him always 
speak of " methods" when the thing itself was much more htunble than what the 
word " methodus" would suggest. 
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et BQinma omnium ex cognitU Hj- 
perboloeidimn quadraturis habebi- 
tmr. Sed qnomam plmimae fig^mrae 
non Bont rationales, nt Circulus, 
Ellipsis, allaeqne innnmerabiles,ideo 
opns erat methodo noya, qua de- 
monstretur (?) fignras rationales 
inventas, esse aequales vel propor- 
tionales portionibus vel pendentibus 
figorae non rationalis quaesitae. 



Mea methodns^ Corollarium est 



* The note of the editors of the Cbm. J^. here says : ^ LeibniHu$ hanc Methodum 
Yulgari more prolizitu hie ezponit, quam AnalyuB ejus noya paucis exhibere potuisset, 
ideoque Analysin illam novam nondum invenerat" 

** Hie modus transmutandi figuras Curyilineas in alias ipsis CBquales, ejusdem est 
generis cum Transmutationibus Barrovianis & Qregoriania. £t Conies Sectiones hac 
Methodo semper ad Series Infinitas reduci possunt per divisiones. Generalis tamen 
non est : Nam si Curva sit secundi generis, incidetur in lequatioDem quadraticam ; 
si tertii generis, in cubicam, si quarti, in quadrato-quadraticam, si quinti, in quadrato- 
cubicam, &c. pneterquam in casibus quibusdam yalde particularibus. Per extractiones 
▼ero Radicum Problemata facilius solvuntur absque Transmutationibus." 

It should be remarked, that Leibnitz, in speaking of this invented method, here 
praises it, as reducing any high equations to equations ** ubi dimensio ordinatae non 
ascendat ultra Cubum aut Quadratum aut etiam Simplicem dignitatem." 

It is untrue that Leibnitz possessed such a method, and that he could reduce 
the higher equations into Cubic and Quadratic equations. The note of the Com, Ep. 
CaUiniii, which we have just cited, remarks very quietly that the conic sections or 
equations of the second degree can be reduced thereby to a form applicable to 
Mercator's division, but that with this method ''De Transformationibas" neither 
Leibnitz nor any one else could arrive at any result in the third nor in any higher degree, 
'* praeterquam in casibus quibusdam valde particularibus." (It is in our days well 
known to mathematicians that sometimes a few particular cases of a higher order 
can be solved by the simplest *' methods," to use Leibnitz's favourite word). 

The note adds, with modesty : " per extractiones Radicum Problemata * fiunlius' 
solvuntur absque Transmutationibus," which does not say, that all equations 
even of the highest degree could be squared and reduced by these Newtonian 
" extractiones radicum." Newton never pretended, either that his generalization of 
Mercator's divisions was his only method, or that it was already general by itself. 
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tantum doctrineB generalis de Tran»* 
formationibuB ; cnjas ope Figura 
proposlta quffilibet, qaacunqae 
.^iquatione explicabilia, transma- 
tatur in allam analyticam 8Bqiiipol« 
lentem; talem fit, in ejus iEkjnatione, 
ordinate dimensio non ascendat 
ultra Cubnm aut Quadratum, aut 
etiam Simplicem Dignitatem, sea 
Infimum gradum. Ita fiet ut qnsB- 
libet Figura, vel per Extractionem 
radicis Cubiese vel Quadratic®, 
Newtoni more ; vel etiam, methodo 
Mercatorisj per simplicem Divi- 
aionem; ad Series Infinitas reduci 
queat. 



On the contrary, he says to Leibnitz in his first letter : " Quomodo ex Aequationibus 

sic ad infinitas series reductis cetera — -^eterminantur, et quomodo etiam Curvae 

omnes Mechanicae ad ejusmodi Aequationes infinitarum serierum reduci possunt 

longum foret describere : and : Non tamen omnino universalis evadit nisi per ulteriores 
quasdam methodos ;** for this was what he did not wish to communicate in the letter, 
this being that part of the invention which is the Differential Calculus. 

His generalisation of Mercator's divisionsi together with his Differential Calculusi 
Newton, Wallis, Leibnits and everybody would at that tin^ call the method of Series. 

Moreover, in his second letter to Leibnitz, Newton gave (in enigmate) that 
part of his method which is the Differential Calculus, and there, in his second letter 
flinging out of his abundance a great number of theorems in 6 lines, (page 167, 
173; £d. of Biot, page 133) he modestly, but with some confidence says: "aliqua 
de his evadunt compoaitissima adeo ut vix per Transmutationero figurarum, quibus 
Jacobus Gregorius et alii usi sunt, absque ulteriori fundamento inveniri posse putem/' 

It is almost repugnant to us to read after these words again the second untruth 
of Leibnitz's letter, pretending that he could reduce all higher equations to cubic 
or quadratic or simple equations. 

Indeed, if that was feasible, nobody needed to invent the Differential Calculus, 
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Ego vero, ex his Transmnta- 
tionibus, SimpIiciBsimam ad rem 
pnesentem delegi. Per qnam sci- 
licet anaquffique Figura transfor- 
matar in aliam asquipollentem ra- 
tionalem; in cujus aequatione, Or- 
dinata in nullam prorsus ascendit 
Potestateni : Ac proinde sola Mer^ 
caioris Divisione per Infinitam 
Serlem exprimi potest. 

Ipsa porro generalis Transmu- 
tationum methodus, mihi inter po- 
tissima Analjseos censenda videtur. 
Neque enim tantum ad Series In- 
finitas, & ad Approximationes ; sed 
& ad solutiones Geometricas, aliaque 
innumera vix alioqui tractabilia in- 
servit. Ejus vero Fundamentum 
Tobis candide libereque scribo ; per- 
snasus quae apud vos habentur prse- 
clara mihi quoque non denegatmn 
m. 

Transforraationis fimdamcntum 
hoc est : Ut figura proposita" rectis 
innumeris utcunque,modo secundum 
aUquam regulam sive legem ductis, 
resolvatur in partes; quie partes, 
autalis ipsis sequales, alio situ, aliave 



* This sentence is very curious. Newton indeed mvst have smiled to see Leibnitz 
call "meam methodum" what he here describes, and what was extremely common, 
not only at that time but at any time, namely, to turn one figure intu anotlier 
figure by **iotne means or other/* or, as Leibnits has it, "ufcunque (!) secundum 
" aiiquam regulam eive legem/' 

T 
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forma reconjanctiB, allam componant 
figuram priori sequipollentem, sea 
ejusdem are» ; etsi alia longe fignra 
conBtanteiii. Undo ad Qaadratoras 
absolutas, vel hjpotheticas Geome- 
tricas, vel serie infinita expressas 
Arithmeticas, jamjam multiB modis 
perveniri potest. 

' Ut intelligatur; Sit Figora 
AQCDA. Ea, ductis rectis BD 
parallelis, resolvi potest in Trapezia 
yBfi^ yS ,i>, &c. Sed, ductis rectis 
conyergentibus EDj resolvi potest 
in Triangula E,DJ),EfiJ), &c. 

Si jam alia sit Curva A ^F ^ 
,F, cujus Trapezia J3 ^/fi JF 
sint Triangulis E fi J>^ E JD J) 
ordine respondentibus lequalia, tota 
figura AEfija J)A^ toti figmw 
A ^F ^F ^F fiA erit aequalis. 

Quinetiam Trapezia, Trapeziis 
conferendo, fieri potest nt ^ ^P, 
vel quod eodem redit, Bectangulum 
^ JP^ sit SMiuale Trapezio respon- 
denti fi J)^ sive Bectangnlo fi J) ; 
tametsi recta ^ ^P non sit »qualis 
rect» ^B ^Dj modo sit ^N ^tA ^B 
fi ut fi Ji ad j^jP; quod infinitis 
modis fieri potest. 

Qu£D omnia talia sunt ut cuivis 
statim ordine progredienti, ipsa na- 
tura duce, in mentem veniant ; con- 
tineantque IndivisibiliumMethodum 



NEW ADDinOKS AND BEMABKS. 



139 



generaliflsime coDceptam, nee (quod 
sciam) hactenos satis nnivenaliter 
ezplicatam. Non tantam enim Pa- 
rallelflB & Convergentea, sed & ali» 
qiueccmque certa lege diict», recto 
▼el cunre, adhiberi possont ad Be- 
flolotionem. Qaanta autem & qaam 
abstnua hinc duci possint, judicabit 
qui methodi nniversalltatem animo 
exit oomplexus. Certam enim est 
omnes Qnadraturas hactenus notaS| 
absolutas vel hypotheticas, nonnisi 
exigoa ejus specimina esse. 

Sed nnnc quidem suffecerit ap- 
plicationem ostendere ad id de quo 
agitnr; Series scilicet Infinitas, et 
modom Transformandi figuram da- 
tam in aliam aequipollentem ratio- 
nalem, Mercatoris methodo trao- 
tandam. 

AQCA sit Qoadrans Circuliy 
Badios AQ=^r^ Abscissa A^B^x^ 
Qrdinata ^B^D^^y^ Aequatio pro 
Circolo2ra: — a^=y*. Ducatnr recta 
A^D: prodacaturque donee ipsi QG 
etiam productae occurrat in ^N: Et 
Q i-Wvocetur z, Et erit A ^B sea 

Eodem modo, ducta A JD J^\ si 
QJtf^z-^P (posita scilicet ^N^ 

^fi) erit ^ B«3__?^__-; 



Id vero hac methodo smn con- 
secntns. Sit quadrans circali.^ljB02>9 
AD aequalisa; AEaeq. x^ EB^y 
A 




erit aequatio pro circnio ^ax-^a? 
acq. j^. Haec aequatio in numeris 
resolyatur indefinite [methodo Dio- 
phantea] at si ponatur: y aeq. 

— fiet aequatio ^x^cfa? aeq. 

f?gf mye 2a*^(jfx aeq. ^x yel 

x aeq. , . « aeq. AE et y aeq. 

t2 
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et A ^B^A ^B sive recta ^B ^, erit 
2r' 2/ 

sita /8 infinite parva, (post destruc- 
tioues et divisionea) erit ^B ^B 

Habita ergo recta ^B ^D^ et recta 
^B ^B^ habebitur valor Rectanguli 
^D^B^Bj multiplicatis eorum valo- 
ribus in se invicem ; habebitur in- 

quam — , pro valore Kcct- 

anguli ,D^B^B. 

Sit jam Curvae ^P ,P ,P etc. 

natura pro arbitrio ansnmpta talifl, 

ut Ordinata ejus ^N^P (ex data abs- 

Sr^z* 
cissa Q N give z) sit 

Ideo, quoniam ^N^N=/3^ erit rect- 
angulum , P , ^V, ^, et iam ■- . 

O 112/ I •^ I I • t 

Ac proinde aequalc Rectangulo 
,D^B^B et spatium ^P^N^N^P^P 
jPaeqnale spatio Circular! respon- 
dent! ,/) ^B ,5 3/) ,Z) ,2). Est autem 
quaelibet Ordinata NP rationalis, 
ex data abscissa QN] quia, posita 
CJSr= «, Ordinata iVP eat 

Ergo 



B!ve 



r«4-3rV + 3^«^+i*' 



„ ^ acq. -ffi?. Sed quoniam ad 

aream Cirevli habendam opua eat 
summa onmtum rectanguiorom 
quale eat BE{E) et vero rationa- 
Uter inrenimua ipaam y vel EB 
aupereat ut inveniamus ipaam £ 

(E) quod fiet aubtrahendo AB ab 

2a' 

A {E) est autem AE acq. -| j 

2a* 

et A [E] acq. -^ — pr^ Ideo ponendo 

ipsas 2 indefinitaa, pro arbitrio aaaum- 

taa, ease progreaaionia arithmeticae, 
et differentiam omnium conatantem, 
aeu unam infiniteaimam ipsiua a 
eaae, tunc aequena (z) erit z — ^ ita 
ut diffei^ntia inter z et — )3 ait fi^ 

2a" 

ergo^(^)erit^,— ,-^^jj^, 

et:-j4^+-4(^erit: 

-2a* 2a' 

a«4^« + a*+«»-2z)9+/8*' 
acq. J5(J?) aive reductis omnibus 
ad unum denominatorem rejectiaque 
illia, quae ceterorum comparatlone 

sunt infinite parva, fiet 7-= sr^ 

*^ ' (a* + » ) 

acq. £(J?) quam quantitatem du- 

cendo m JEB aeq. — . — - fiet , -j^. 

^ a* + «* a* + «0 

area rectanguli BE[E), Cumque 
eadem ait ratio de ceteria id genua 
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ipsa per infinitam Seriem Integro- 
rum exprimi potest, dividendo. Et 
j^mtinm taliboa Ordinatis oompr^ 
hensum, aeqoipollens Circolari, in- 
finita Serie namerorom Bationa- 
lium, Methodo Msfcatans quadrari 
potest. Quod cum facilUmum sit 
facere, hie omitto. Neque enim 
elegantisB tuse, sed Methodi Gene- 
ralis explicande causa, hoc exem- 
plum assumpsi. 

Ita siquis loco Circuli mihi de- 
disset Curvam, in qua Ordinata 
ascendisset ad gradum Cubicmn, 
potnissem earn reducere ad Curvam, 
in qua Ordinata non assurrexisset 
ultra Quadratum, vel etiam ne 
quidem ad Quadratum. 



rectangulis exiguis omnibus, patet 
summam infinitarum quantitatum 
(differentias infinite parvas haben- 

tium) quarum una est pj — —r, da- 

turam esse aream circuli, quare 
posito )8 esse ut diximus infinitesi- 
mam ipsius a, et^ipsas z esse arith- 
metice proportionales, sen differen- 
tiam habentes constantem )9, patet 
fignnun cumlineam cujus abscissae 

sint z ordinatae vero 7-, ?,. fiitu- 

(a* + «•)» 

ram esse circulo aequipollentem 
quoniam ordinatae ejus in /3 (diffe- 
rentiam ipsarum z) ductae rectan- 
gulis* circuli elementaribus BE{E) 
aequantur, ergo smnma earum or- 
dinatarum' in constantem fi ducta- 
rum, sen area figurae curvilineae 
novae summae omnium eorum rect- 
angulorum, seu areae portioni circu- 
lari respond6nti aequabitur. Sufficit 
ergo invenire summam omnium 



»\^ 



(«" + 



seu ommum 



%Ji 



%z*d 



a* + 3a V + 3aV + «• ' 
quam firactionem Methodo Merca- 
toris in infinitorum paraboloeidum 



* ft * All thsM art not Lsiboitisn mles, but the weU-known Theorems of Quadra- 
tures of Wallis and CSayaUerL 
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ordinatas resolvendoy eaminqne 

summas ipsis subjiciendo, habebitur 

series rationalifl infinita exprimens 

magnitadinem semLBegmeDti sea 

portioms circularis ut AEB. Sit 

a aeq. 1, 8«' aeq. h^ Zz^ + Zz^^-t^ 

aeq. c, fiet 

8«* h 

seu 



l+3«" + 3«*4-«* 1 + c* 
aeq. ft — 6cH-Jc* — Jc" etc.; et si 
tribuB primis teiminiB content! simus 
ipsasqne ft et c rursus explicemns 

fiet ,— - aeq. 8«" - 24b* - 24«* - S^* 

+ 12«' -I- 18«' + 158«" + 48«" + 8«" 

8«" 
etc. et ordinando ; — r-= — — ^ — 3 

erit aeq. 8«* - 24«* + 48«' + 10a* 

+ 158«'^ + 48a" + 8z", etc. et amn- 

8«* 
ma omnium : — —-; — —r j erit 

H-3a* + 3a* + a* 

8a' 24a» ^ ,. 

aeq. -r — etc. quae (si conti- 

nuetnr series modo praescripto) erit 

area spatii circularis AEBA posito 

A IP 2cf ^ ^_. 2aa* 

AE aeq. -— — = et EB aeq. -= — l . 

Atque haec est methodus generalis, 
quae omnibus omnino curvis analy- 
ticis, et suo modo etiam transcen- 
dentibus applicari potest, utcunque 
aequationes earum sint implicatae 
aut affectae, re ad puram analysin 
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Itaqne semper, sive Extractioni* 
bas Kadicam Newtontanis (gradas 
cujoslibet dati] vel Divisionibusifer- 
ccUorisj potent cujoslibet Fig^orsB 
spatiom inyeniri, interventu alterins 
aequipollentiB. Multum autem ad 
Simplicitatem interest quid eligas. 

Omnium vero possibilium Cir- 
culi, & Sectoris Conid Centrum 
habentis cujuslibet, per Series In- 
finitas quadraturarum, simplicissi- 
mam banc esse dicere ausim quam 
nunc subjicio. 

Sit QA ^F [Vid. Fig. p-cBce- 
dent] Sector, duabus rectis in cen- 
tre Q concurrentibus & Curva 
Conica A^Fj ad Verticem A sive 
Axis extremum perveniente, com- 
prehensus. Tangenti Verticis^r 
occurrat Tangens ^FT, Ipsum AT 
vocemuB t] & Bectangulum sub 
Semi-latere Becto in Semi-latus 
Transversum sit Unitas. Erit Sec- 
tor Hyperbolse, Circuli vel Ellipseos, 



reducta: tantum enim opus est 
inyeniri modum, quo aequalitas 
Gurvae naturam explicans rationa- 
liter atque indefinite diophantes 
more solvatur ; quod yero hie sem- 
per fieri potest secus ac in proble- 
matibus numericis, quoniam hie 
possunt irrationales etiam calculum 
ingredi modo ipsae indefinitae y et 
X in yinculis non comprehendantur. 
Ista methodus generalis yarios 
habet casus compendiaque innu- 
mera quae circulum examinanti 
sese obtulerunt, quorum unum, 
yelut non inelegans ascribam, ip- 
sius Harmoniae causa quam in ea 
deprehendo : 

series 3bi^37^Assc«»T3D ®*<^« =i 

i A A A w etc.=| 

J n A A til etc. = 1 

etc.) 
1 J I «♦« J 



1 

9 



8 



i8 



rJo etc. 



ex- 



primit f cinsuH l^j^'*^*'*' 

aream ] hyperbolae/ . 

[ Jscnptum=| 

quod mutatis mutandis ad quasli- 
bet etiam circuli portiones applicari 
potest. Quemadmodum etiam gene- 
ralem habeo seriem pro area sec- 
tionis conicae centrum habentis 
cujuslibet, id est Circuli. Hyper- 
bolae et Ellipseos per expressionem 
omnium ni fallor possibilium sim- 
plicissimam. 



w^ 



^ J 
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per Semi-lains Transyertam divisus, 



Slgno ambiguo 



t f e t' 

± Talente + in Hyperbola, — id Cir- 
culo vel ElUpsi. Unde, posito Qua- 
drato Circumscripto I, erit Circulus 
i ^ i + i ~~ f 9 &c. Qu» expressio, 
jam TrieDQio abhinc & ultra a me 
oommimicata amicU, baud dubie 
omniwn posBibilium simplicissima 
est maximeque afficiena mentem. 

Unde daco Harmoniam sequen- 
tem; 

i T5 i SI lib etc=i 
% h ii ^ Tioetc.*=i 
3 i » etc. 1 Exprimit 

4 A ifc etc. / aream 

cmMXiABCDA 

hjrperbolae I cnjus quadratum 

aequilaterae [ inscriptum est \, 

CBEFC. J 

Numeri 3, 8, 15, 24, etc. sunt 
Quadrat! Unitate minuti. 

Vicissim, ex Serlebus Regres- 
suum pro Hyperbola banc inveni. 
Si sit numeruB aliquis Unitate minor 
1 — m, ejusque LogarithmuB Hyper- 
bolicus ] , erit 



1 



!• 



1» 



1* 



etc. 



1 1x2 1x2x3 1x2x3x4 

Si numeruB Bit major Unitate, nt 

1 + 9t, tunc pro eo inveniendo mifai 



Cadem certiB artibuB ad cnrvaB 
non analyticas sive trauBcendentes 
possunt applicari : [sed in] [ubi 
vero] : et methodum habeo propo- 
siti longe generaliorem, de qua 
infra, per quam arbitror quantitatem 
incognitam possibilem determina- 
tam quamcunque per seriem ratio- 
nalem infinitam exprimi posse [quo- 
niam] quamvis tam nominator quam 
numerator sit oomposituB. 



Compendia autem reperi pecu- 
liaria pro regreBsa [ex area ad 
sinum aut sinum oomplementi, et 
|m> regressu a logarithmo ad nu- 
merum] primum autem inveni re- 
gressum ex logaritbmo ad nnme-* 
mm, ut inde etiam ab area ad 
sinum complemcnti. Easd^n plane 
series inveni, qaaB in literiB Bois 
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etiam prodiit Begala, quae in New- 
toni Epistola expressa est; scilicet 
erit 



n=- + 



1" 



1» 



+ 



1* 



etc. 



1 1x2 1x2x3 1x2x3x4 
Prior tamen celerios appropinqaat 
Ideoque efficio ut ea possim nti, 
etiam cum major est Unitate nu- 
mems 1 + n. Nam idem est Lo- 

garithmus pro I + w et pro :;-— . 
Unde, si 1 + n major Unitate, erit 

minor Unitate. Fiat ergo 

1 +« 

1 — 9n = , , ac inventa «i, habe- 

bitnr et I + n, numerus qnaesitus. 

Quod regressum ex Arcubus at- 
tinet, incideram ego directe in Re- 
gulam quae ex dato Arcn, Sinum 
Complementi exhibet. Nempe, 
Sinus Complementi 



= 1- 



a 



+ 



a 



etc. 



1x2 1x2x3x4 

Sed postea quoque deprehendi, ex 
ea illam nobis communicatam pro 
inveniendo Sinu Recto, qui est 

a a' a* 

1 "" 1x2x3 "*" 1 X2x3x4x5 

etc. posse demonstrari. Quod tribus 
Verbis sic fit. Summa Sinuum 
Complementi ad Arcum, sen om- 



exhibet Newtonuspro regressu ex lo- 
garithmo ad amussim et pro regressu 
ab arcu ad sinum supplementi vel si- 
num versum, cujus differentia a radio 
est sinus complementi. Cujus [me- 
thodi Tobis] compendii inventi de- 
monstrationem tibi scribam,ut videas 
quam diversis rationibus ad eandem 
seriem venerimus: si sit numerus 
1 + n et logarithmus I erit n aeq. 



etc. quae series 



1 "*" 1, 2 ■*" 1, 2, 3 
est in epistola gratissima Newtoni- 
ana, sed ego alia uti malo ejusdem 
originis, quae procedit per + et- 
altemative ac proinde celerius ap- 
propinquat. Nimirum quia idem 
est logarithmus pro numero \-Vn 

ut pro numero hinc ponendo 

1 
1 +n 



aeq. 1 — m fiet m acq. 



I 

- 4- 



+ 



f 



etc. 



1 • 1, 2 1, 2, 3 

unde facile ex invento m babebitur 
1 + n seu numerus Regressu utor 
ex arcu ad sinum complementi, nam 
posito arcu a radio 1 erit sinus 
complementi aeq. 



a 



+ 



a 



a 



1,2 1,2,3,4 1,2,3,4,5,6 
etc. vel ut cum Newtouo loquar 

u 
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nium I — 



a« 



1x2 1 x2xax4 



etc. 



a (f or 

1 1x2x3 1x2x3x4x6 
etc. Porro, Summa Sinuum Com- 
plementi ad Arcum (seu Arcui in 
lociB debitia insiBtentiuin) aequatur 
Binai Recto, ducto in Radium ; ut 
notum est Geinnetris. Id e»t, aeqna- 
tur ipsi Sinui Becto, quia BAdius 
hie est Unitas. Ergo Sinus Rectus 

_ a a* g* 

" 1 " 1x2x3 1x2x3x4x6 

&c. Hinc etiam, ex dato Arcu & 
Radio, sine ulla prorsns aliomm 
notitia, haberi potest Area Seg- 
menti Circularis duplicati : quae est 

g' g^ 

1x2x3 1x2x3x4x5 

g 



■ 1x2x3x4x6x6x7 
Unde optime Segmentorum Tabula 
ad Gradus & Minuta &c. calcula- 
bitur. 

Pro Trigonometricis autem ope- 
rationibus, percommoda mihi vide- 
tur haec expressio : Ut Sinus Com- 
plementi c ponatur 



= 1- 



g 



+ 



g 



1x2 1 x2x3x4' 
quoniam sola, memoria retenta. 



(nam res eodem redit) sinus Tennis 

g» g* , g» , 

+ ^ ■ - ^ etc. 



1,2 1,2,3,4 1,2,3,4,6,6 
Ex qua serie pro sinubus comple- 
menti facile demonstrari potest al- 
tera pro sinubus rectis a Collinsio 
nobis per Mohrium transmissa, ut 
postea animadverti, quoniam summa 
sinuum complementi ad arcum dat 
sinum rectum (ut facile demonstrari 
potest, et facile^ ab illis depreben- 
ditur, qui in his versati sunt] et 
summa omnium sinuum comple- 
menti ad arcum, seu omnium 



1 - 



est g- 



+ 



g 



1,2 1,2,3,4 



etc. 



g" 



— ^ ect 
1, 2, 3 ■ 1, 2, 3, 4, 6 ' 

ergo arcu posito a et radio 1 sinus 

rectus est 



g 



g 



g 



etc. 



1 1, 2, 3 1, 2, 3, 4, 6 
quamquam idem etiam recta conse- 
qui liceat, [quod initio non animad- 
verteram.] Fundamentum autem 
demonstrationis talium omnium 
quae advidi simplicissimum est : 
exempli causa pro inventione nu- 
meri ex logarithmo 



' These series of which Leibnitz here speaks with so much prolixity in 1676 
are, as Newton shortly remarks in the Recensio (page 15, ed. of Blot and Lefort, 
page 18) the same which Leibnitz had received 1676 through Oldenburg. 
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omnibus casibuB & operationibuB, 
directis flcilicet stmul & reciprocis, 
flofficit; Qaod ideo sit, qnoniam 

^quatio ^ = 1 — — + — est plana. 

Unde si yicissim qnsras Arcom ex 
Sinn Complementi, radix extrabi 
potest ; adeoqne fiet Areas 

ii = V6-V24c+12 exacte satis ad 

nsum eomm qui in itineribns Tabn- 

larom commoditate carent; quia 

. . a* 

error aequationis non eat — r . 

Innmnera alia possunt dici, qn® 
his fortasse elegantia et exactita- 
dine non cederent. Sed ego ita 
sum comparatus ut plemmque, Me- 
thodis Oeneralibos detectis, rem in 
potestate habere eontentus^ reliqua 
libenter aliis relinquam. Neque enim 
ista omnia magnopere aestimanda 
sunt, nisi quod artem inveniendi 
perficiunt, mentemque excolunt. Si 
quae obscuriora videbuntur, ea li- 
benter elucidabo : £t illud quoque 
explicabo, quomodo hac methodo 
Aequationum quoque, utcunque 
affectarumy Radices per Infinitam 
Seriem dari possint, sine ulla £x- 
tractione ; quod mirum fortasse vi- 
debitur. 

Sed desideraverim ut Clarissi- 
mus Newtonus nonnulla quoque 



ergo summa omnium n est aeq. 

h 1 etc. 

1, 2 ^ 1, 2, 3 ^ 1, 2, 3, 4 

ergo n — summ. n aeq. I quaeritur 

ergo curva, in qua si ab n ordinata 

novissima assumta in unitatem seu 

parametrum constantem ducta, au- 

feras summ. n seu aream figurae, 

residuum aequetur abscissae I in 
eandem a unitatem ductae, quam 
curvam certa analjsi deprendetur 
solam ex omnibus possibilibus cur- 
vis esse Logarithmicam, ejusque 
constructione deprehendetur 1 + n 
esse numerum posito 1 logarithmo ; 
simili methodo sinus complementi 
vel recti inventio ex dato arcu de- 
monstrabitur nimimm in locum sum- 
marum substituendo summas sum- 
marum. Quae Methodus a New- 
toniana ita longe lateque differt, ut 
mirer quomodo itinera usu adeo 
diversa eodem ducere potuerint vel 
uno in casu. Forro quoque cujus- 
libet aequationis siye finitae sive 
infinitae radicem methodo mea 
extrahere possum, finitae quidem, 
transformando problema Qeome- 
triae communis in problema tetra- 
gonisticum, cujus incognita semper 
infinita serie haberi potest; infi- 
nitae autem et fiiiitae simul per 
quandam methodum non quidem 

U2 
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ampllus explicet : Ut, Ortginem 
TfaeorematiBquod initio ponit : Item, 
Moduin quo quantitates p, q^ r^ in 
suis OperationiboB invenit: Ac 
denique, Quomodo in Methodo Be- 
gressuum se gerat; ut, cum ex 
Logarithmo quaerit numerum. Ne- 
que enim explicat quomodo id ex 
Methodo sua derivetur. 

Nondum mihi licuit ejus Literas 
qua merentur diligentia legere : 
Quoniam tibi e veBtigio respondere 
Tolui. Unde non satis nunc quidem 
affirmare ausim, an nonnulla eorum 
quae suppressit, ex sola earum lec- 
tione consequi possum. Sed optan- 
dum tamen foret, ipsum ea potius 
supplere Newtonum : Quia credibile 
est, non posse eum scribere, quin 
aliquid semper praeclari nos doceat 
Vir (ut apparet) egregiamm medi- 
tationum plenus. 

Ad alia tuarum literarum venio, 
quae Doctissimus Collinius commu- 
nicare gravatus non est. 



omnium simplicissimam, sed omnVum 
generalissimam, quae hoc funda- 
mento' nititur, quod datis duabus 
aequationibus finitis vel infinitis 
eandem incognitam continentibus, 
semper aequatio alia finita vel in- 
finita reperiri potest in qua omnes 
dictae incognitae potestates sunt 
ablatae ; quae methodus eo in casu 
servire potest, quo ceterae omnes 
deficiunt. 

Habes origines eorum omnium 
quae a me in hoc argumento de- 
prehensa sunt, candide prorsus et 
quantum sufficit illis qui nihil in 
his versati sunt expositas. 

Saepe [Newtoni met.] porro 
saepe Newtoni methodus ad elegan- 
tiores ducet expressiones, saepe 
etiam mea ut res docet. 

Multas alias habebam in ea ista 
meditationes et mittam (?) eas (?) 
quam primum Newtonus scire (?) 
poscit (?) nam etiam radicum ex- 
tractiones per infinitas series coepe- 
ram et in affectis methodum Yietae 



* This is Descartes* inTention, his method of assuming an equation with unde- 
termined coefficients, (see Schooten, the Geometria of Descartes, page 49, princ 247, 
262, and Gerhardt Leibn. Math. Schrift III. Band, page 727.) Leibnits of course 
calls it his method (''mea methodus" hoc loco) because, he just made use of it, and 
applied it (as Newton had done before him) to the newly-inyented infinite series, 
(see Newton's letter of 24th October, 1676, [in Uteris tranq>OBitis] "altera tantum 
"in assumptione,** etc.) 
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decimalem reddere nitebar genera- 
lissimam, idque me credebam om- 
xuum primnm instituissey sed aliud 
ex Newtoni Uteris didici non iu- 
vitus. 

Praecipitatam^^ vides epistolam 
turn quia responsom postalas, turn 
ne qua iniqua sospicione teneamini, 
quasi occasione [Newtoni] yestrarum 
literarum [adjutus fuerim] in hac re 
adjutus beneficium dissimulare vo« 
luerim; itaque gratas hodie, die 
lunae, in Q^rmano pharmacopae 
redux domum forte praeteriens ac- 
cipiens literas, nam later earum, 
Begins, quem nominas, nondum 
domum meam invenerat, illis primo 
tabellione, ipso die mercurii, res- 
pondere volui. 



'* Leibnits we see likes to appear yery prompt in replying when a letter firom 
Newton arrives, *' ne injusta suspioione teneamini quasi occasione Newtoni literarum 
adjutus fuerim." 

He appeared so prompt in the most critical moment, namely when he answered 
Newton's second letter (" Hodie" accepi, as Gerhardt reads, Leibn. Blath. Schr. I. 
Band, p. 164.) 



It is quite true, as Newton says, that sammations of infinitely 
small quantities having already been made by Wallis, and tangents 
drawn by Slusius in all those cases, where there was not any irrationality 
in the equation (in all hyperboloids and paraboloids) — the whole in- 
vention in fact depended upon carrying on one of the tangential 
methods through those cases where irrationalities occur. 

Newton does this by taking in his work De Analyst 'Jx in the 

form of a; and - = os"^ and saying, elegantly and most clearly, Begula I. si 

•1/ 

aa:*=y; erit x " =Area. Quod exemplo patebit; siaj^ + a? =y; 

erit \Qf + fa; = Area, etc.* Again, in his letter of 10th Dec, 1672, 
he says : ^' mea methodus tangentium etc. non (quemadmodum Huddenii 
^^methodus de maximis) ad solas restringitur aequationes illas, quae 
^' quantitatibus surdis sunt immunes." 

This was the invention, and Leibnitz did not make it, but he took 
it out of Newton's manuscript; for, supposing that all Gerhardt's 
documents are true, not one of them, in which d ^x occurs, is dated 
before Leibnitz's second journey to England. 

The proof that Newton and not Leibnitz is the inventor, is therefore 
given by these documents, which may also serve to show us Leibnitz's 
conduct. 

The fitst of the two Leibnitzian documents, namely, in which d^x \& 



^ He thereby substituted a general calculation, in the place of isolated 
solutions. 
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mentioned, is dated Noyember, 1676, and given by Gerhardt (Append. 
IV. to his tract of 1855). In this Leibnitz commits the fault of ¥niting 

^ Vx ~ "7= • On the whole Leibnitz is in this first document somewhat 

NX 

embarrassed with the new idea. But rejoiced at having mastered that 
form Vx he vnites to Tschimhaus some words, (which we have not) 
meaning that in Tamesis ostio, just after his second visit at Oldenburg's, 
he had got hold of a paradoxical idea. 

We saj Leibnitz wrote this because Tschimhaus in a letter first 
published bj Gerhardt, (Mathem. Schr. Leibn. IV. Band p. 431) begs 
Leibnitz to tell him what that idea might be, and at the same time, 
what the expected second letter of Newton might contain. The words 
in Tschimhaus' letter, dated Borne 1677, are "quas series nescio num 
'^per Methodum Gregorii possint terminari, et posses Dno Newtono 

^'proponere saltem series hasce terminandas methodum quoque, 

^'qua haec inveniuntur, si desideras, sequentibus communicabo, nee 
^^ credo, qua es facilitate, sententias tuas paradoxas admodum, quas 
^'emisti in Tamesb ostio, nee non quaecunque se tibi memorabilia 
^' offerunt celaturum. P. S. Endlich ersuche, so was wtlrdiges in Mens. 
"Newton briefen mir zu communiciren" ("lastly, I beg that if in 
" letters of Mr. Newton there be anything remarkable, you will com- 
"municate the contents"). 

We have to notice, that although Tschunhaus begged Leibnitz to 
tell him what the paradoxical idea might be, and at the same time 
what Newton's letters might contain, still not before 1679 did Leibnitz 
communicate to Tschimhaus that he could master the form V^ (Gerh. 
ibidem, page 479 : " sine sublatione fractionum et irrationalium — itaque 
" nunc opinor," compared with the end of page 470). Nor did Leibnitz 
ever communicate to Tschimhaus Newton's second letter intended half 
for Tschimhaus, nor his second answer to Newton, (Gerh. loco cit. 
p. 505, where Leibnitz makes reference only to his first letter to Newton). 

So then " in Tamesis ostio" in the moment of departing from London, 
the paradoxical idea, the Differential Calculus, the pushing of the 
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rules for tangents through irrationalitieB, came to Leibnitz just after 
his second visit to Oldenburg as an extraneously learnt matter, namely 

with a mistake, Leibnitz writing e^V^a-p.. This is what the Brst 

VfiC 

document of Oerhardt contains, and L^bnitz at once spoke of this as 
of his own invention. 

This is almost excusable here. For in Newton's Analysis, supposing 
that Leibnitz had inspected the same, there is no rule of tangents, or 
let us rather say tangents and their rules are in the Analysis everywhere, 
but still they are nowhere ; they are in the paragraph ^^ Longitudines 
^' curvarum invenire,'' they are in the next following paragraph ^^ In- 
^' venire praedictomm conversum ;" they are in the paragraph ^^ Appli- 
^^ catio praedictomm ad Curvas Mechanicas,'' and in the words '^ Hinc in 
^^ transitu,^' etc. after the Demonstratio ; but because they are every- 
where and still have no particular place in the Analysis, therefore 
Newton added them to his Analysis in the letter of 10th December, 
1672, in which he says '^my method of tangents goes through irra- 
" tionalities," adding " hoc est unum particulare vel potius coroUarium 
'^generalis methodi quae extendit se ad omnia." 

Now Leibnitz reading Newton's Analysis, saw how the letter of 
10th December, 1672, which he had also read, was to be understood. 

Leibnitz was puzzled with this for a little while, and at first fell 
into an error, but he afterwards succeeded. Something in the matter 
therefore is his own work. For the Analysis did not contain tangents, 
and the letter which did contain tangents, did not say how they evaded 
irrationality. Leibnitz therefore reading the Analysis had to deduce 
from it the tangential rule. 

Now people may call this inventing, I call it the proof of a 
non-invention. For if in my letter which you clandestinely read, it is 
said I have the thing which is the great difficulty, namely to get over 
irrationalities, adding it is ^^ una particula Methodi meae quae extendit 
'^.se ad omnia;'' and if then you make extracts out of my Analysb in 
which my method is so extended ^' ad omnia," you are not the inventor 
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of my method, although yon have just a little difficulty in adjusting 
my tangents' to my Analysis, to do which the geometers Oldenburg 
and Collins were not cleyer enough. 

You may therefore, in some degree, think that you are the in* 
▼enter, but you will have a certain disagreeable feeling within you, 
and will wish to avoid speaking of what you have seen. 

Thus did Leibnitz aroid acknowledging that he had read Newton's 
letter of 10th December, 1672. Taxed with it, in the first edition of 
the C<mimeTcium Epktolicum^ in the most conspicuous place of the 
Com. IIp.j namely in the last document, in the judgment of the 
Committee of the Royal Society, Leibnitz did not choose to answer ; 
and his friends, including Professor de Morgan, deny that he had 
seen it till they are pushed into a comer by Edleston's new state- 
ments. 

Also Gerhardt avoids speaking out clearly, for only hesitatingly 
does he tell us, that Leibnitz saw Newton's manuscript Treatise de 
Analy9U 



* Gerhardt is quite mistaken, if he thinks the signs to be of consequence. On 
the contrary I will admit, that in scraps of Leibnitz's hand, dated before his second 
voyage to London, the signs 8dx and dx occur, as abbreyiations, not as inventions- 
If we had Huyghens's or Wallis's scraps (as we have through Gerhardt those of 
Leibnits) we might also in their calculations see, that in trying to find new quadratures, 
the calculator (we mean Huyghens or Wallis) would sometimes write down an abbre- 
viation, perhaps dy or iSr*, if at that state of the calculation it suited him, not to 
calculate what the sum or the difference (according to the nature of the formuls) might 
be. But ther^th no progress was made. Leibnitz and Wallis could not differentiate 

a single irrational fonn, not the form V?, and WalUs confessed, " hie haeret aqua.'* 
Irrationality occurs, unfortunately for Leibnits and for Wallis, in all not quite 
elementary formulas, and that irrationality alone was to Wallis, as to all Geometers, 
the obstacle in their calculations. The signs 8 and d are therefore mere abbreria- 
tions if the theory had made no progress, and here it is proved by Gerhardt, that 
Leibnitz only just after his second voyage to London, and not before the same, learnt 
with difficulty to master this obstacle. He took Newton's general calculations out 
of Newton's Analysis, and therewith filled up (see the words ^ itaque nunc opinor" on 
p. 470, loco citato) those signs which were before but empty. 

X 
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Almost, in the eame manner, Leibnitz avoids Newton's name in the 

second docnment containing d*^x^ which Gkrhardt g^ves ns. In this 
second manuscript, namely, dated some months later, it is not the name 
of Hudde which is stmck out, but that of Newton. 

Compare GFerhardt's edition of this Leibnitian manuscript and 
Gerhardt's note to it, (both of which I give at the foot of this page') 
and Daguerreotype Copies of its first lines, (which I have had 
taken in Hanover, and have deposited for inspection in Cambridge 
at the office of the Editor of this work, and in London, at Messrs. 
Macmillan and Co., Henrietta Street, Covent Garden.) 



' The document is given in Oerhardt't Trsot of 1866| page li3, in Appendix V., 
as being entirely in Leibnits's hand-writing, and reads as follows : 

11. Julii 1677. 

Method* ff&nerale pour mener h$ iauekanUi de$ Li^nes Cburhe$ shim calculi et 9an9 

roductian dei quantiii$ irrationelka ei rmnpuei. 

Monsieur Slusius a pubUe la methode pour trouyer sans calcul les touchantes 
des lignes courbes, dent T equation est purg^ des quantit^s irrationelles ou rom- 
pues. Par exemple une courbe DC estant donn6ei dont 1' equation exprime la 
relation de ^C ou A8 que nous appellerons ^, i AB ou SC^ appellee ar, soit 




n-K&r + cy + itcy-fM* +>^" + g^ + Aay* -f ike* + V etc. o 
on n'a qu'i ^rire 
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It 19 ttiereby evident that L^bnita knew that he had taken the Diffe- 
xential Calcidn$ out of Jil^ewton'a Analyaiy, and ont of Newton's tangential 
letter ; for, wishing to publish what he had so taken, in this second 
document of Gerhardt'si he struok out the name of Newton, and 



+ 2mjr^ + fu^^-p^i + 4ga'f + 4ry't; 
\ tm}^ + 3iM^jf( ■¥ Sp^xv. 
c' est k dire changeant 1' equation en analogie : 

9~ b^dy^^49-{ %9Xff + A/ ♦ SUuB* etc 

et aupposant que - ezprime la raiaon -r-^^ — on — ^^ > ^'o^ ^^^ura 2!0, ou ^, en 

aupposant ^Cet /9Cdonn6e8. Lonque la yaleor des grandeurs detennin6es ft, c, 

d^ #, eto. ayee Isur aigncs, fkit da la Taleor *- una grandeur negative, la touchante 

no sera pas CT, qui va yen ^ coimnencement de Tabsciste ABy mm C{T) qui 
e'en eloigne. Voila tout oe qu'on en a public jusqu'icy, aisi a entendre ft celuy 
qui est Ters£ en oes matieres. Mais lors qu'U 7 a des grandeurs irrationelles ou 
rompues, qui enferment ar, ou y, ou 'toutes deux, en ne pent se serrir de cette 
methode, que par reduction de Tequation donn6e k une autre delirrte de ces gran- 
deurs. Mais oela grossit horriblement le calcul quelques fois, et nous oblige de 
monter \ des dimensions tres hautes, et k des equations, dont la depression souyent 
est tres difficile. Je ne >doute pas que ces Messieurs*) que je yiens de nommer 
ne sacbent le remede, qu'il y faut apporter, mais comme il n'est pas encor 
public, et que je croy qu'il est connu de peu de personnes, outre qu'il donne 
la demiere perfection au probleme que M. des Cartes disoit avoir le plus cbercb£ 
de tons les autres de la Oeometrie, k cause de son utility, j'ay jug6 k propos de 
le publier. 

8oit une formule ou grandeur ou equation, comme par exemple celle que 
dessus a + 5^ 4- cy -I- dxy + ax* +^ etc. appelions la par abreg6 to et ce qui proviendra 
lors qu'elle sera traitfe comme ci-dessus : s^ayoir 6£ -)■ cp 4- dxv ^ dy£ etc. sera appell6 

dto, de meme si la formule seroit X ou /«, le proyenu serait dK ou dfi et ainsi 
dans toutes les autres. Soit maintenant la formule ou equation ou grandeur w 



• I^tbnits batta sa Anftng : Hndde, Sliutos, et antres, gesohriaben ; spater hat er dac Ucbri^, 
ansMT Shiaiiis, durehgwtrlclieii. ("Leflmita lutving at flnt written: HuddM^ Sluaiua §t aittreg, struck 
tbia oat, and left SlwtiiB." Gcrhaidt'a note, page IM, Une 16). 

X2 
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while he said ^^ je ne doute pas que ceB Meeaieun Hndde et Shudog*' 
(of whom he knew that they could not get over irrationalities) *'ne 
^^sachent le remMe, quand il 7 a des grandeurs irrationelles et rom- 
" pues," he had in his mind Newton, whose name he struck out, of 



egale i — , je dis que dw sera 



egaleit ^ ■ ", ^ . Cela sufflt pour manier les fractioiu 
Enfin Boit w kgele k Vi^i je die que dw sera igale 4 ^ oe qui tuffit pour 

tredter comme il fitut les grandeurs irrationelles. %}/ w 

AlffwithfM th Panalj^ mmveOe th masmi$ §t mmmi$f au dn touchant$9. 
Soit ABtsx^ BCm^f TqC la toucfaante de la courb^ Ad et la raison 
TB 



SC a X dx 

^ . ou — ;s— sera appelke --. Boyent deux ou plusieurs autres courbes 
BU^ fie dy 



AF^ AH, et posant ^JP^t^ BS'^ w, et la droite FL touohaate de la coorbe 

AF, et Jfff de la courbe AM, et -^s ■■ -= et -==. = -n , je dis que rf|f ou dvw 

FB ifp BU ^ 




sera igal n vdw -f wdn ; estant v f^w ^x et^avt^tsx*, alors pouV v et 10 sub- 
stituant x, nous aurons dwo b 2xd!c. 
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whom alone he knew this to be the case, and of whom alone it 
was true. 



(Tout oela reuatira auaai ai Tangle ABC est aigu ou obtus, item s'il est infr- 
Diment obtos, c'est k dire si T^C^ett une ligne drolte^ 

This is Leibniti's manuscript, as given by Gerbaidt, which has to be compared 
with the Daguerreotype Copy. The same Daguerreotype contains a part of Leibniti's 
first letter to Newton with almost the same apothecary-excuse mentioned above 
page 149. Gerhardt's words, which we give at the foot of page 156, refer to 
our page 166, line 20, and indirectly to what we have printed page 164, line 16, 
and the Daguerreotype Copy proves, that the name of Newton fell there in a 
somewhat particular manner out of the author^s pen, though Gerhardt's note, 
which we have here given, has not spoken of the same. 



The full length titles of the most modem works quoted by us in 

the present work are: 

Sir David BrewBter's Memoirs of the life, writingB, and discoTeriefl of Sir Isaac 

Newton. Edinburgh 1855. 
J. Edleston's Correspondence of Sir Isaac Newton and Professor Cotes, including 

letters of other eminent men, now first published, etc. London 1850. 
Leibnitzens mathematische Schriften, herausgegeben yon Q. J. Gerhardt. Erster 

Band. Berlin 1849. Zweiter Band. 1850. Dritter Band. Halle 1855 u. 1856. 
Vierter Band. 1858. Funfter Band. 1859. 
C. J. Gerhardt, Dr., die Entdeckung der Differenzialrechnnng durch Leibnitz. HaUe 

1848. Cited as Gerhardfs I. (first) Tract or as Gerhardt's Tract of 1848. 
Derselbe, die Entdeckung der hohem Analysis. Halle 1855. Cited as Gerhardt's 

n. (second) Tract, or as Gerhardfs Tract of 1855. 
H. Weissenbom, Dr., die Principien der hoheren Analysis, als historisch-kritischer 

Beitrag zur Geschichte der Mathematik. Halle 1856. 

Other citations are indicated with sufficient precision in the work. 

Oerhardt's Tract of 1855, p. 38, speaks of a book entitled, ^^ Chregoriua 
^^ Vincentius Owrvilineorum amamiar contempkuioj nee non examen circuit 
'^ quadraturcB. Jjugd. 1654.^' No such book exists, but only a " Cut- 
'^ viXineotum amcenioT contemplaiio necncn examen circuit quadraturce a 
"-B. P. Chregcrio Vinceniio prcposiUBy Authore Vincentio Leotando/^ 
which book has not therefore, as Gerhardt makes out, Gr^goire de 
St. Vincent for its author. 
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